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Abstract 

We present Geometry of Interaction (Gol) models for Multiplicative Polarized Lin¬ 
ear Logic, MLLP, which is the multiplicative fragment of Olivier Laurent’s Polarized 
Linear Logic. This is done by uniformly adding multipoints to various categorical mod¬ 
els of Gol. Multipoints are shown to play an essential role in semantically characterizing 
the dynamics of proof networks in polarized proof theory. For example, they permit us 
to characterize the key feature of polarization, focusing, as well as being fundamental 
to our construction of concrete polarized Gol models. 

Our approach to polarized Gol involves two independent studies, based on different 
categorical perspectives of Gol. 

(i) Inspired by the work of Abramsky, Haghverdi, and Scott, a polarized Gol situation 
is defined in which multipoints are added to a traced monoidal category equipped 
with a reflexive object U. Using this framework, categorical versions of Girard’s 
Execution formula are defined, as well as the Gol interpretation of MLLP proofs. 
Running the Execution formula is shown to characterize the focusing property 
(and thus polarities) as well as the dynamics of cut-elimination. 

(ii) The Int construction of Joyal-Street-Verity is another fundamental categorical 
structure for modelling Gol. Here, we investigate it in a multipointed setting. 

Our presentation yields a compact version of Hamano-Scott’s polarized categories, 
and thus denotational models of MLLP. These arise from a contravariant duality 
between monoidal categories of positive and negative objects, along with an ap¬ 
propriate bimodule structure (representing “non-focused proofs”) between them. 

Finally, as a special case of (ii) above, a compact model of MLLP is also presented 
based on Pel (the category of sets and relations) equipped with multi-points. 

Contents 

1 Introduction 0 

2 Polarized Multiplicative Linear Logic MLLP 0 

*PRESTO, Japan Science and Technology Agency (JST), 4-1-8 Honcho Kawaguchi, Saitama 332-0012, 

JAPAN, hamano® jaist .ac.jp Research supported by a PRESTO grant from JST. 

^Department of Mathematics and Statistics, University of Ottawa, 585 King Edward, Ottawa, Ontario, 

KIN 6N5, CANADA, phil@site.uottawa.ca Research supported by an NSERC Discovery grant. 


1 



3 Polarized Gol and Gol Situations 

3.1 Polarized Gol situations. 

3.2 Multipoints in polarized Gol situations. 

3.3 The Gol interpretation of MLLP proofs. 

3.4 Polarized execution formulas are an invariant for cut-elimination 

3.5 Polarized execution formulas characterize focusing. 


6 

pE 

n 

15 

22 

25 


4 Constructing a compact polarized category via Gol 

4.1 Polarized logic and polarized categories. 

4.2 The Int construction . 

4.3 A polarized Int construction. 


M 

32 

33 

34 


5 A polarized Int construction using Rel with multipoints 




6 Conclusion and Future Work 


44 


7 


Appendices 

7.1 Appendix 1 

7.2 Appendix 2 

7.3 Appendix 3 

7.4 Appendix 4 

7.5 Appendix 5 

7.6 Appendix 6 


Gol situations and Execution formulas for MELL. 

Unique Decomposition Gategories (UDGs). 

Generalized Yanking for a traced monoidal category. 

Omitted Proofs. 

Remarks on Retractions U U ®U and U <S) I >(!c,ra) U . . 
Pictorial Proof for Prop 13.211 (Ex is an Invariant ). 


T7 

42 

53 


1 Introduction 

Linear Logic, introduced by Girard in 1987 na, originated from a profound analysis of the 
proof theory of traditional logic. In particular, linear logic involves a hne-grained study 
of how rules and connectives manipulate resources. This important development is by now 
quite familiar to researchers in many areas of logic and computer science. What is somewhat 
less familiar is that shortly after the introduction of linear logic, Andreoli [am] pointed 
out a different approach to the fundamental connectives of linear logic; namely, to classify 
the connectives according to whether their introduction rules are reversible {negative) or 
irreversible (positive) . Positive connectives are the foundation of Andreoli’s influential notion 
of focusing in proof search. The fundamental role of focusing in logic programming has 
been actively explored in numerous recent works (for example, in papers of D. Miller, K. 
Ghaudhuri, et. ah [m ESI 021 [THE]). 

The Andreoli view also led to intrinsic studies of polarity and polarized logics, hrst taken 
up by Girard in [151 US], and systematically studied by O. Laurent in [32l ES]- Such logics 
are also related to Girard’s Ludics games HZ] and other games-semantics models (cf. the 
dialogue games and recent dialogue categories with chiralities of Mellies [SSI EH]-) In related 
categorical proof theory, we should mention the polarized categories and proof theory of 
Gockett and Seely [10], which influenced our own EH, as well as proof-theoretical papers of 
one of us [21 ES]. 

In this paper we begin a study of the dynamics of cut-elimination for the multiplicative 
fragment MLLP of O. Laurent’s polarized linear logic, using categorical versions of Girard’s 
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Geometry of Interaction (Gol) program [ISKH]; here we follow the categorical Gol literature 
EEQ]. A common theme to the different parts of this paper is a fundamental new semantical 
idea hrst discussed in [24]: the addition of multipoints. These multipoints have no syntactic 
counterpart but nevertheless provide a new understanding of the dynamics of cut-elimination 
in the presence of polarities. 

• In Section [HI following the methods of Abramsky, Haghverdi, and Scott [T] we intro¬ 
duce polarized Gol situations with multipoints as an appropriate but simple categorical 
setting for studying Girard’s Execution formula in the polarized setting. The version 
of the execution formula we use is inspired by the general categorical execution formula 
in Haghverdi-Scott [201121] for linear logic, but now extended to the multipointed set¬ 
ting. For the polarized multiplicative system MLLP, the execution formula becomes a 
two-layered pair of execution formulas, one at the usual reflexive object level (as in [20] ) 
and a similar one at the multipoint-level. The usual Gol properties for the dynamics 
of cut-elimination [1311201 [21] turn out to be much stronger for MLLP. The execution 
formula(s) form full invariants for normalization 0, which is well-known to fail in full 
linear logic (see [T] and Section lT4l below). In fact the polarized execution formula(s) 
satisfy a fundamental additional property. Namely, in Proposition 13. 28l below. we char¬ 
acterize focusing, which is intrinsic to MLLP, as preservation of multipoints under the 
(polarized) execution formulas. Thus, in a precise sense, the execution formulas give 
rise to the polarities. 

• In the next Sections 0] and [5l which are independent of Section [3l we consider general 
multipointed traced monoidal categories (TMGs) and study the Int construction of 
Joyal, Street, and Verity [29] in this setting. As is well-known mm, the Int construc¬ 
tion is an essential feature of all the different categorical approaches to Gol. It yields 
a kind of “compact closure” of a traced monoidal category; moreover, composition in 
the Int category leads to categorical versions of Girard’s execution formula. As in Sec¬ 
tion [3] above, we investigate a two-layered Int construction, the upper layer for general 
objects and the lower one restricted to multipoints. 

In Section m we study a general categorical semantics for certain polarized linear logics, 
a simplihed version of the bi-module duality framework in our paper [23]. These are 
related to more general polarized categories introduced for modelling polarities (see 
pro] 1231 ESI EH]). Our goal is to use Gol and the Int construction to build compact 
polarized categorical models of MLLP. 

In these sections multipoints give a semantical framework for explaining the idea of 
bidirectional dataflow implicit in the Int construction (see the discussion proceeding 
Proposition 14.81 below). In this setting, multipoints satisfy a weak pullback condition- 
corresponding to the focusing condition discussed in Section |3]-which we show is com¬ 
patible with this construction. As one expects, this yields an appropriate compact 
closed version of a denotational model for MLLP. 

Finally, Section 0] constructs a concrete instance of the Int construction of Section 01 
when specialized to a multipointed version of Rel. It may be read independently of the 

^in the sense that if tt —>■* tt' by MLLP cut-elimination, then Ex(|[7r]],cr) = Ex(|7r'],(T') 
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previous section and uses the relational calculus of Joyal-Street-Verity [29] . 

• In order to make the paper self-contained, the Appendices include some supplemental 
material. In Appendix 17.11 we briefly recall the original Gol situations in the sense of 
Abramsky, Haghverdi and Scott [1], as well as the categorical approach to Gol (for a 
survey, see [21]). In Appendix 17.21 we recall Haghverdi’s Unique Decomposition Cate¬ 
gories (UDC’s) which provide a general framework (and matrix calculus) for “particle- 
style” Gol, familiar from Girard’s Gol 1 HSlEo]. The other Appendices include some 
detailed but routine proofs. 


2 Polarized Multiplicative Linear Logic MLLP 

Following the work of Andreoli, polarities naturally arise within the proof theory of linear 
logic, LL. We can further divide the connectives according to whether their introduction rules 
are reversible or not [m EH- Those connectives which are reversible are called negative] 
those which are not are called positive. Positive connectives are the foundation of Andreoli’s 
influential focusing property in proof search for linear logic [aiiiiii]. Focusing is a property 
dual to reversibility. 

We recall Olivier Laurent’s theory of polarized multiplicative linear logic, MLLP. The 
theory MLLP is a fragment (without structural rules) of Laurent’s full polarized linear logic 

LLP [n]. 

Definition 2.1 (Polarized MLL) The theory MLLP is dehned as follows. 

Syntax: Positive and Negative formulas are given by the following BNF notation: 

P ::= X I P®P I 1 I 

N \ N N \ P \ fP 

Here X is an atom, f and f are called polarity shifting operations. Note that 1 is the unit of 
<8) (and dually for T with respect to ^). In our categorical models introduced later, f and 
I will be functorial operators weaker than the traditional exponentials of linear logic. 


Syntactic Negation: Following O. Laurent, we adjoin to MLLP a syntactic strictly 
involutive negation (—)"'■, dehned by general de Morgan duality. Thus we extend the negation 
on positive atoms to all formulas, as follows: = X for atoms X, and we assume {®, ^ } 

are de Morgan duals, as in linear logic. Finally de Morgan duals for polarity changing 
operators are (J,A)-*“ =j'A-*“ and (tA)-*- =fA-^ for any formula A. Positivity and negativity 
of formulas may be dehned as before, after cancelling any occurrences of double-negations. 

Rules of MLLP 

In the following rules, M and N (resp. A4 and W) range over negative formulas (resp. 
sequences of negative formulas) and P and Q over positive formulas. P contains at most one 
positive formula. We assume the rule of exchange, so sequents are closed under permutation. 


h N, 


Axiom 


F7V,g FP,V,M 

hM,Af,P®Q ® hP,V^ M 
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hiN,Af ^ 


htF,AA ^ 


hr,A^ ^M,N- 
^V,M 


cut 


The following theorem is an important proof-theoretical property of MLLP, proved in [3^l3l] : 


Proposition 2.2 (Focalization Property) // h T is provable in M\A.P , then the sequence 
r contains at most one positive formula. 

A focused sequent is one of the form h P,J\f, while a nonfocused sequent has the form 
h A/", where A/" is a hnite sequence of negative formulas and P is positive. Proposition 12.21 
says that every provable sequent of MLLP is either focused or nonfocused. We say a proof is 
focused if the sequent it proves is focused. We say a proof has the focusing property if it is 
focused. 

Notation: For the discussion of Gol and Cut-elimination, we use the Girard notation [T3] 
for sequent calculus proofs: a proof of the sequent h [A], F denotes a proof of the sequent 
h F appended with the list A of all pairs of cut formulas A, A-^ used in the proof. Here 
|F| = n and | A| = 2m, for some m, n. This is further described in the categorical Gol papers 
of Haghverdi-Scott (see Appendix 17.11 and Figure [6] there.) 


Cut elimination for MLLP: MLLP is the subsystem of polarized linear logic LLP [M] 
without additive connectives and structural rules (where f and f replace, respectively, ! and 
?). The cut elimination theorem for MLLP is obtained by restricting the one for LLP (cf. 
Dehnition 5.27 of [3l]). For this, the interpretation using polarized proof-nets (e.g. [32]) is 
essential. The crucial ingredient for our subsystem MLLP is the use of boxes to interpret the 
Grules. Each box has a principal door and an auxiliary door on which occur, respectively, 
the principal formula fN and the side formulas Ad. 

The crucial step for cut-elimination is the following (cf. the !/! case of Dehnition 5.27 of 
[M]): reduction of a cut against a side formula of the f rule. Here, a proof ending with a cut 
against a formula at an auxiliary door of a box is reduced to that ending with the ),-rule, 
whose box is enlarged to contain all rules including the original cut. This is illustrated as 

follows: , 

00 X 2 


box^ 





\ N : 7Vi 

^ 

^.... 

to 

1 

A : TTl 

i--A ■■■M 


: ^2 I 

.i 


Example 2.3 (Extrusion of ),-boxes through cut-elimination) Gonsider the follow¬ 
ing three proofs, as instances of normalization: tti >- 7r2 >- tts. 


TTl = 

HXfAXi ^ HXfAX2 

- CLlt 

h HxfAXs 

h [tx,,ixf,tX2Axi-],ixfAX3 


^2 = 

h;x2-L,tx2 ^ 

- cut 

h [tx,,ixf],xf,-tx2 ; 

h [tx,,ixf],ixf,tX2^ Hxj-AXs 

h [tXi,ixf,tX2,lxf],ixtAX3 
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hXiL,tXi Hxi-AX2 ^ \ 

- cut 

h [■tXulX^,tX2,iXi-],iXtAX3 ^ 



During normalization, boxes enter outer boxes and the scope of the outer box is extruded. 
That is, for i = 1, 2, 3, we represent proof by the proof-net obtained by choosing boxi for 
the left-most J,. The boXi corresponds to the indicated rule in vTi. Normalization gives rise 
to extrusions of boxi into box 2 to include the middle box of 112 and then into box^ to include 
both the middle and right boxes of 


3 Polarized Gol and Gol Situations 

Gol situations were first introduced in Abramsky, Haghverdi, and Scott [1] as an algebraic 
framework for Girard’s Gol for full linear logic. Later, Haghverdi and Scott [201 El] gave 
a detailed categorical analysis of Girard’s original Gol for MELL in Gol situations associ¬ 
ated to Unique Decomposition categories (UDCs), augmented with abstract (Hyland-Schalk) 
orthogonality relations. For a quick summary of this categorical Gol for the original (nonpo¬ 
larized) setting, see Appendix 17.11 (and its references) for Gol and Appendix 17.21 for UDCs. 
In particular, we will make use of the categorical version of the Execution Formula. 

In this section we develop an appropriate notion of Polarized Gol Situation with mul¬ 
tipoints for MLLP. Multipoints will enable us to give a detailed analysis of the dynamics 
and information flow in cut-elimination, via polarized (2-layered) execution formulas. It will 
also enable us to give a characterization of focusing. Our main result in this Section [3] is to 
semantically characterize the proof-theoretical notion of focusing in terms of the polarized 
execution formulas. This goes as follows. First, in Proposition 13.251 the polarized execution 
formulas for focused sequents are shown to satisfy an invariance property preserving the mul¬ 
tipoints. Conversely in Proposition 13.281 this invariance property is shown to be sufficient 
to distinguish focused sequents. Thus, in a precise sense, polarized Gol execution formulas 
give rise to the polarities. 

Notation: In a category C, we denote identity arrows A —)■ X either as Idx or just X, 

9 

depending on context. Let Y , ' X be a pair of morphisms in a category. We write 

/ 

g : Y \> X : f to mean g°f = Idx and we say X is a retract ofY with respect to {g, /). This 
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is often abbreviated by V >(g,/) X. We say X is a retract of Y if there is a pair (^f, /) as 
above such that Y >{gj) X. 

For simplicity, we assume all categories C below are locally small, so we can speak of 
hom-sets (rather than hom-classes). 

3.1 Polarized Gol situations 

We introduce a polarized analog of Gol situations from [T] (see Appendix 17.II for a summary), 
which is suitable for polarized multiplicative linear logic. The full exponential operators T of 
Gol situations for (nonpolarized) linear logic LL are here replaced by much weaker, functorial 
polarity shifters: f and as well as by introducing the critical notion of multipoints. 

Definition 3.1 (Polarized Gol situation) A polarized Gol situation is a tuple 

(C,®,/, s,G, l,(!,r),l f/, (!o,r„),0) 


where: 

1 . (C, /, s) is a traced symmetric monoidal category (with symmetry maps s = {sa,b ■ 

A®B^ 5® A}), and with unit object J, satisfying the usual identities (|36]). In the 
monoidal structure, X'" and Z™' denote respectively m-ary tensors (also called tensor 

m m 

foldings) A ® • • • ® A and / 0 • • • ® /. 

2. U is an object of C with a retraction U >(k,j) U , i.e. @ 

k 

u ^ U ®U such that k°j = Idum- 

j 

3. 1 is an object of C with a retraction 1 0 1 >(!,r) 1 , be- 

! 

1 (g) 1 ^ X such that !°r = Idi. 


Note: In general, 1 7 ^ /. 

4. {Distinguished point) A morphism 1 —> U is called a point of U. A polarized Gol 
situation has a distinguished point 1 —^ U among the points of U 

5. {Uniformity of Trace ) 

The trace of C is uniform (cf. Simpson and Plotkin [13] and Hasegawa [26]) over points; 
i.e., every point p : 1 —> U satishes the following condition, which says points are trace 
invariant. 

^ A coherence result is shown in Hines m for the monoidal structures for (fc, j). E.g., the associativity of 
the monoidal structure of j is obtained by j°{U (E)j)°a = T°j°{j ® U) where a is the associativity isomorphism 
for (81 in C and r := j°{j ( 8 > U)oa°{U ( 8 > k)ok is the associativity isomorphism for the monoidal structure 
defined by j°{f ®9)°^ on. U. In what follows, we identify canonically isomorphic objects which the coherence 
guarantees. 
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For any morphisms / and g, 


X®U' 


■Y®U 


X^p 


X (^1 


Y®p implies Tr^,y(/) = Tr^,y(^)- 


■y 0 1 


The final axioms 6 , 7 and 9 in the definition concern properties satisfied by the distin- 
gnished point 1 —)■ U. 

6 . {Lifting Property 17 0 1 >(!^,ra) U along a ) 

For the distingnished point 1 [/, there exists a pair (laXa) giving a retraction 

17 0 1 >(!^,ra) U which lifts the retraction 1 0 1 >(!,r) 1 along the point a. This means 
the following diagram commntes (in all possible ways) with \a°ra = Idc/ and !°r = Idi: 


170 1 

101 


u 


7. {Semi-invertibility of a) 

The point a : 1 —?• U is semi-invertible. That is, there exists a* : U —> 1 snch that 
Q*°a = Ml- 

8 . (0 morphisms) 

The category C has zero morphisms. This means for every pair of objects X,Y G C, 
there is an assigned map Oxv : X ^ Y snch that the family {Oxy \ X,Y G C} satisfies: 
for every f :W ^ X,g :Y —)• 0, 


W 


Owz 


z 


f 


X 


OXY 


9 

Y 


Note: ii f or g eqnals the identity, this amonnts to the fact that any composition with 
one factor zero is itself zero (see also [2Z] ) • For simplicity, 0 denotes the zero morphism 
Oil : 1 ^ 1- Note that / 0 0y,z is not in general 0w^y,X(SiZ for any objects X, y, IF, 

9- ((!«, ^a) o,nd 0 ) 

For every morphism f : V Z) X — > IF 0 77 with X G {17,1} and 0 : 1 — > 1, 

(IdiY 0!«)°(/0 0 )°(ldy 0 r«) = / and (Idiy 0!)°(/0 0 )°(ldy 0 r) = / 
Diagrammatically, the following are the respective eqnations when X = U and X = 1: 
^Hence zero morphisms are absorbing with respect to composition, but not with respect to tensor. 
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This ends the dehnition of a polarized Gol situation. 

The following Examples 13.21 and 13.31 of polarized Gol situations are built from the category 
Rel of sets and relations. Rel has two standard traced-monoidal structures (see [H [29] for 
details), one with G = x (cartesian product), the other 0 = + (disjoint union). These two 
categories are denoted by ReG and Rel+, respectively. We don’t discuss ReG in this paper, 
so in what follows we often abbreviate ReG to Rel. Below, we emphasize the additional 
polarized structure. 

Example 3.2 (Polarized Gol situation ReG) 

(Rel, 0 ,J, s,N, l,(!,r),l G, (!o,ra),0) 
is a polarized Gol situation, denoted ReG (or just Rel), where we dehne: 

- The objects of ReG are sets and morphisms are (binary) relations between them. 

- 0 is the disjoint union +, where A + B := ({1} x A) U ({2} x B). 

- J := 0, G := M, 1 := {*}. 

- The retraction fc:N>M + N:jisa standard one often used in Gol [131 HI HH]: 

j{l, n) = 2n , j( 2 , n) = 2n + 1 , and k{n) = 

- r:l—)-l + lis the maximal relation, and ! : 1 + 1 —)■ 1 is its converse. 

- a : {*} —> M is a non-empty relation that determines a distinguished singleton subset 
{nj} of N. 

- !q, : [/ + 1 —;• U is the relation whose restriction on U (resp. on 1) is Id;/ (resp. a) 
and is the converse relation of !„. 

- The zero morphism Oxy is fhe empty relation, for all X, Y. 

Example 3.3 (Pfn and PInj as degenerate polarized Gol situations) Starting with the 
category Rel above, we consider the two major subcategories Pfn (partial functions) and PInj 
(partial injective functions) from [1], with the following choices of \,r,\a,ra'- for both Pfn 
and PInj , r : 1 —)■ 1 + 1 is the left (or right) inclusion and ! is its inverse, :[/—)■[/ + 1 is 
the left embedding. 


f ( 1 ,|) n even 
( ( 2 , ^) n odd 
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- Pfn: \a U + 1 — > U is the total function whose restriction on U (resp. on 1) is Id[/ 
(resp. a). 

- PInj: !« : U + 1 — > U is the partial injection determined by the identity on U. 

We say these models are degenerate since in Rel, r[l] := {y \ (*,?/) G r} = 1 + 1 , whereas in 
the other models Pfn and PInj, r[l] = 1. This latter property of 1 causes the interpretation 
of polarized proofs in MLLPto become degenerate (see Remark 13.191 below.) 

We now make some remarks and observations about the axioms for polarized Gol situa¬ 
tions in Dehnition 13.11 above. We generalize Axioms 2 and 3 to m-ary tensors, and denote 
them by Axioms 2’ and 3 ’ respectively. We will apply these remarks in Proposition 13.71 
below, where Axioms 6 and 9 are generalized, resulting in Axioms 6 ’ and 9’, resp. 

• Strengthening of Axiom 5 (Uniformity of Trace): 


Proposition 3.4 (Strong Uniformity of Trace:) For any morphisms 

X 2 ® f/ A U 2 ® U, Ai ® U ^ Tj 0 f/ , Xi ^ As , W -4 Fa, 

and point p : 1 ^ U, we have: 


A2 0U- 

a®p 

Ai 


■Y2®U 


TrF v-A/) 


implies 


■Fi 0 1 





Proof. Dehne 

f = f°{a 0 U) : Ai 0 U — y Fa 0 [/ and g' = (6 0 lyg : Ai 0 1 

Apply Axiom 5 to f and g' with A = Ai and F = Fa, then 

W,y.(/»(a®c/)) = Tryy,((6®l).<,). 

By naturality, the L.H.S (resp. R.H.S) is equal to Yr^^Y 2 if) (resp 
which proves the assertion. 

Observe, strong uniformity of trace implies the original version (Axiom 5) by setting 
a and b to be the appropriate identity arrows. 

• Generalizing Axiom 2 to the case of m-ary tensors. 

Axiom 2’. For any natural numbers m > 2 there is a retraction U 

U -^ jjrn such that km°jm = Idf/m. 

jm 


Fa0 1. 


□ 
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From the coherence of the monoidal structure for {k,j), we dehne jm and k^, 
modulo associativity of the monoidal (resp. comonoidal) structure of j (resp. k): 

jm = j °{j ®u)° - ■ - ^ {j ® km = {k® o.. .o(^k®U)°k 

Note: The modulo associativity assumption above ensures that the representation 
of jm and of km does not depend on the choice of the dehnition tree arising from 
the order of the monoidal j and comonoidal k applications. 

When m = 1, under the convention that jm = U = km, the retraction of 2’ 
becomes the trivial identity. Hence in what follows, {km,jm) is used for any 
non-zero natural number m. When m = 2, we get the original Axiom 2. 

• An m-fold tensor version of Axiom 3 : 1™ ® >(!m ,,m) 1"* . 

It is straightforward to show the following: 

\m 

Axiom 3’. has right inverse r™, i.e. ^ 1™ satisfying = Idim. 


Finally, the reader may wonder why, in our dehnition of polarized Gol situation (Dehni¬ 
tion [SH]), we introduced opposite directions for the retractions on U and on 1. This will be 
explained in Appendix 17.51 below. 

3.2 Multipoints in polarized Gol situations 

In this section we introduce the key notion of multipoints for interpreting the weak expo¬ 
nentials f and I (polarity shifting) of MLLP in polarized Gol situations. We then generalize 
Axioms 6 and 9 of a polarized Gol situation to the level of multipoints. In the following Sec¬ 
tion 13.31 we shall make use of multipoints to translate polarized formulas, and then extend 
this to a polarized Gol interpretation of MLLP proofs. This will be used later (in Sections 
l3.4ll3.5l belowl to hnd new invariants for cut-elimination, and to characterize focussing, hence 
positivity and negativity, in polarized logics. 

Definition 3.5 (points and multipoints) 

Multipoints in a polarized Gol situation form a certain class (denoted MP) of morphisms 
I™' — > U for natural numbers m. Points are the subclass (denoted P) of multipoints in 
which m = 1 . 

First, P is constructed by the following BNF construction: 

P := a \ j°(P (g) Oiu) I j°{0iu <8 P) 

That is, 

• The distinguished point a : 1 —> G is a point. 

• If /3 : 1 — > 17 is a point, so are 1 = 1 ® I 0 jj i —s- {j and 1 = I ®1 0 jj J .— ^ jj _ 

Second, MP is constructed by 

MP := P I XMP 0 MP) 

That is, while all points are multipoints, the second construction stipulates in addition that 
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• If /?i : —> U and (32 : —)• U are multipoints, so is 

i°(A ® /S 2 ) : 1 ™' ® f/ 0 ^ u _ 

Then it follows directly from the construction that each multipoint p can be written (modulo 
associativity) as 

p . ^ jjm ■^’Ti ^ jj 

using a sequence of points Pi : 1 — > U with z = 1,..., m for a certain natural number m. 

Example 3.6 In the Rel model of Example 13.21 where the distinguished a is taken to be a 
singleton subset {riQ,} of f/ = N, a multipoint I™' —> U (generated by this a) determines a 
finite indexed family of cardinality m of U. 

Later we shall see how polarized formulas can be interpreted in a multipointed setting 
fDefinition 13.121 in Section [3.31 belowL Together with a two-layered Gol-interpretation of 
MLLP proofs (Definition [3T7]), this will turn out to be essential in our characterization of 
focusing (see Proposition 13.251) . 

We now prove generalizations of Axioms 6 and 9 of a polarized Gol situation to the level 
of multipoints, using the m-fold setting of 3’. We call these Axioms 6’ and 9’ respectively. 

Proposition 3.7 (Axiom 6’: Lifting Property [/ 0 1™ >(!p,rp) U along a mnltipoint p) 

For any multipoint p : I™'-^ U , there exists a pair (!p, rp) giving a retraction which lifts 

the retraction 0 >(!m I™' along p. This means the following diagram commutes (in 

all possible ways), with \p°rp = Idf/.- 


u 0r 

1 ”^ 0 V 


u 

p 


Proof. See Appendix 17.41 q 

The next Proposition discusses the lifted retraction pair (!p,rp) of the above Axiom 6’. 

Proposition 3.8 (Axiom 9’: On the lifted retraction pair (!p,rp)) 

For any multipoint p : 1™-^ U , any morphism f : V0X — )■ W0X with A G {G, 1”^} 

and 0:1™ —^ 1™, 

(Id0!p)K/0O)o(Id0rp) = / and (Id 0!™)K/0 0)Kld 0r™) = / 

This is illustrated in Figure [H for the respective equations when X = U and X = 1™. 
Proof. Straightforward induction on the construction of p. q 
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V 


w 


V 


u ^ 

f 

u 

= f 

and 


f 

U <rp 

0 

1 ^ 

■p^ 

-j 

U 1" 


0 


0 


Figure 1: Axiom 9’ 


0 


w 


= f 


The above definition of mnltipoints is compatible with Axiom 5 (Uniformity of Trace) in 
Definition 13.1[ in the sense that nniformity of trace generalizes to mnltipoints (see Axiom 5’ 
in Proposition 13.101 below.) 

Lemma 3.9 (Invariance of traces nnder conjugate actions of the retractions) 

For any non-zero natural number m and a multipoint p : I™' — > U, the retractions {km,jm) 
and (!p, Tp) respectively act by conjugation on morphisms f ■. X ® —> Y ® and 

g ■. X ®U —> Y ®U as follows: 

_ {X(B)jmyfiX(^k^) ■.X®U^Y®U 
g{\r,rv) [X ® rp)ogo{X®\p) ■. X®U ^Y ®U 

Then the following invariant equations hold: 

Tryt(/) = Tr",, (1) 

TrS,r(9) = Tr™'” (si'-’-'*) (2) 

The two equations guarantee the invariance of taking traces along U (instead of U^) and 
along t/ (g) 1™ (instead of f/ (g) 1). 

Proof. See Appendix 17.41 q 

The following Axiom 5’ generalizes Axiom 5: 

Proposition 3.10 (Axiom 5’ (Uniformity of Trace on multipoints)) 

Every multipoint p : I*" —> U satisfies the following condition: for any morphisms f and g, 


X®u 0 - - -- Y 0 Y®U 




commuting implies 

^r^yig) = Tr5[,^ (/(^^-)) = Tr^:^ (/) . 

Note: 

(i) The composition of the top horizontal arrows above is Qf Lemma [3.91 

(ii) Axiom 5 is a special case, by setting m = 1 and using our convention that ji = U = ki. 
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Proof. We first note that the second equation of the assertion is by ([T]) of Lemma [3.91 

We prove the assertion by induction on m > 1; i.e., by induction on the construction of 
a multipoint p : 1™ —)■ U 

(Base Case): m = 1. The assertion is the original Axiom 5 of Dehnition 13.11 
(Induction Case for m + 1) 

The given commutative diagram with m + 1 factors as follows from the construction of p by 
Dehnition 13.51 


X ® [/® (7 ® ® C/0 [/”-->r®C70C7'*^?HSx'0C70(yr?i*y0C7 




where p ^ jra+r Pi P' ^ Pi- 

Suppose the outer trapezium commutes. We note that the inner trapezium commutes 
by both precomposing X ®U <— X ® U ® U and postcomposing Y ® U ® U <— Y ® U 
respectively on the top left-most and right-most horizontal arrows, because k°j = ldu(S)U and 
since the left and right triangles commute. 

Then applying the I.H. to this inner trapezium, we have: 


X®U 

XO !■ 


Tr^ 

' '^X^U,Y^U 




Tr 


X(g)l,W01 


( 9 ) 


Y®U 

Y <S>Pm-\-l 

■Y®1 


Note that the top horizontal arrow of the square is if) CT- 

Then applying the original Axiom 5 (Uniformity of Trace) to the above square, we obtain 

Ti'x,y(Ti'x(gic/,r(g);7(/)) = '^'^x,Y(^'^x®i,Ytsiii9)) 

By Vanishing applied to both sides of the equation, we have Tr^y if) = Tr^y (^f) q 


As in the case for points in Proposition 13.41 a stronger version of 5’ can be derived for 
multipoints: 

Corollary 3.11 (Strong Uniformity of Trace on multipoints) 

Every multipoint p : I*" —> U satisfies the following condition: for any morphisms f, g, a, 

b, 
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Proof. Same as Proposition 13.101 using naturality. 


^2 




1^2 


a 


b 


Xi 


T47,n(5) 


■n 


□ 


3.3 The Gol interpretation of MLLP proofs 

We now define one of the central notions of this paper: the Gol interpretation of MLLP 
proofs in polarized Gol situations. We shall begin with a detailed discussion of how to 
interpret multipoints of polarized formulas. We then present a categorical approach to Gol 
in the polarized case, infiuenced by the categorical approach to ordinary Gol of Haghverdi 
and Scott [201 El] in (ordinary) Gol situations, as summarized in Appendix 17.11 below. 

Definition 3.12 (Multipoints associated with Formulas) Given a polarized Gol situ¬ 
ation and a polarized MLLP formula A, we will inductively construct below a morphism 
mp(A) together with its domain 1a and codomain Ua, where Ua '■= U. 

mp(A) : 1a —^ Ua- 

More generally, for a sequence M = Ai,..., of polarized formulas, we will construct a 
morphism 

mp(Al) : 1m —t Um- 

from the constructed domain 1m to the codomain Um- The arrows mp(A) (resp. mp(Al)) 
defined below are called the multipoint associated with formula A (resp. with sequence M.). 


Construction of multipoints. 

First, to each positive (resp. negative) formula P (resp. N) of MLLP, we associate an 
object Ip (resp. Iat), which is a tensor product of Is, defined inductively as follows: 


lx 1 lp(g)Q Ip ® 1q l4Ar :— 1 

Ix-L := 1 Ijyoj ^ := lx <8 1 m l^p := 1 


For a sequence Ai = Ai,..., A„ of polarized formulas, 1m '-= 0 ■ ■ ■ 0 Ia^ 

Second, with each positive (resp. negative) formula P (resp. N), we associate three 
objects Up, P^ and P^ (resp. C/x, and N^) so that 

Ua = A^0 A^ (3) 


inductively as follows: 

Ux--=U 

:=/ 

■=U 


Up^Q Up 0 Uq C/yv ■— U 0 Ux 

{P 0 Q)^ ■-= P^ 0 {lN)^:=Ux 

(^P Q)U pu ^ QU {lNf-.= U 


M ■— 0 Um 

{N ^ M)^ := 0 
\n ^ M f := 0 


U-^P :— Up 0 U 
(tP)^ := Up 
(fPf -- u 


C/xx := U 
(X^)^ := I 
(X^)^ := U 
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All these objects are isomorphic to tensor products of Us. For a sequence A4 = Ai ,..., 
of polarized formulas, we dehne the object Um ■= Uai ® • • • <8 Ua„ and for -k e {D, U}, we 
dehne the object M* := A* ® • • • (g) A*. 

Note that the following hold for any polarized formula A. 

- If A is a literal, Ua = Ua- Otherwise, 


Ua l^(fcaja) (4) 

where a is a certain natural number determined by the length of A, as in Axiom 2 ’. 

- There exists a natural number m such that 

A^ ^ and ^ 1”^ (5) 

Finally, using (|3]), (jl]) and (jS]), we dehne mp(A) by the following composition: 

mp(A) : 1 a ^^ ® I -^ A^ ® A^ ^ Ua - Ua (6) 

and in the case of a sequence Ad = Ai,..., A„, 

mp(Ad) := mp(Ai) ® mp(A„) : 1m —t Um- (7) 

Remark 3.13 Multipoints mp(A) can be inductively dehned as follows, where the hrst, 
second and third constructions correspond respectively to 1, 2 and 3 of Dehnition 13.51 

- mp(Ar) ;= a and mp(X-‘-) := a 

- mp(|A^) := p(a(g) and mp(tP) := (g) a). 

- mp(P (g) Q) := j°(mp{P) 0 mp((5)) and mp(A^ ^ M) := jo(mp(A^) 0 mp(M)). 

In what follows, we make the convention that Ui (resp. U^) denotes the codomain 17 of a in 
the above construction of mp(j,A^) (resp. of mp(j'P)). That is, U^ (resp. U^) denotes U of 
(j,A^)^ (resp. of (tP)^). 

Example 3.14 In the Rel polarized Gol situation, 

- Ipc = 1 = {ua} and mp(j'7f) : 1 = / + 1 Ux + Pf is a singleton subset 

consisting of the element j((2, Ua)) = 2na + 1 G M. 

- ly± 2 §jYi = 1 ^ = {Ua} + {ria} and mp(F-^ X^) : 1 ^ Uy±^ x-^ 

is a subset of cardinality 2 consisting of the elements j((l, Ua)) = 2 na and i(( 2 , no)) = 
2na + 1 in N. 

Definition 3.15 (retractions {IaUa) (J-aUa) ) For a polarized formula A, we dehne 
two morphisms ta and I a to give a retraction 

A^ 0 1 a >(!A,rA) = A^. 
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These are defined inductively on A as follows: 

rx and rx± are r„, rp^Q := rp 0 rg, ^ ;= tat 0 Tm, r^x and r^p are r^, 

!x and are !„, Ip^g :=!p0!q, ^ :=! 7 v 0 !m, and r^x are !„. 

For a sequence = Ai ,..., of polarized formulas, define r^t (resp. \m) to be 0 • • • 0 
ta^ (resp. 

Using the canonical isomorphism ([3]), we define \a '■=^-a ® A^ and ta '■= ta 0 A^. This 
gives the retraction 


Ua 0 1 a Ua satisfying U°fA = Ua 

The same definitions as above also apply for l^i and fxi for a sequence Ai. 


Then the lifting property (Axiom 6’ of Proposition 13.7p has the following variant: 
Proposition 3.16 (Lifting property A^ 0 1a >{!A,rA) along o'”) 

Suppose m is a natural number satisfying &■ Then (!a, ta) gives a retraction which lifts 
the retraction 10 1 >(!m ,,m) 1 along a™. This means the following diagram commutes with 
'■A°rA = Mav. 


0 1a; 




ia0 ia: 


rA 


A^ 


1a 


Proof. Straightforward by noting that composing the right ( resp. left) vertical arrow with 
the second and third maps of ([6]) (resp. 01™ of these maps) gives rise to Axiom 6 ’. q 

In what follows, we introduce the Gol interpretation for MLLP. The original Gol situations 
in Abramsky, et. ah pQ (summarized in Appendix 17.II below) form a very basic framework 
for interpreting Gol. For example, their exponential structure, which is sufficient for defining 
linear combinatory algebras on Endc{U), for a reflexive object U, does not include the 
more elaborate categorical structure of the exponentials (e.g. cocommutative coalgebras, 
comonoids, etc.) in genuine models of linear logic |40] . 

Recall that the Gol interpretation of an MLL proof tt of the sequent h [A],F in an 
(ordinary) Gol situation C yields an endomorphism [vr]] G Endc{U‘^'^^'^), for the reflexive 
object U. We now introduce the analog for the polarized case of MLLP. 

Let us sketch the framework, before going into details. Gonsider a polarized Gol situation 
C, with a reflexive object U and an object 1. The polarized Gol Interpretation in Definition 
13. 171 below will yield a pair of endomorphisms, (Itt]],/^) G EndciJJ"^^^'^) x Endc^l"^"^'■ 

We think of the two endomorphisms as layers: an “upper” and a “lower” Gol interpre¬ 
tation. 


- The tipper interpretation, [tt] G Endc{U‘^'^~^'^), is on the level of the reflexive object U. 
It is analogous to the non-polarized Gol interpretation, using the polarized retraction 
structure [/ > U 0 U for coding “untyped” Gol, by folding tensors of UA into a single 
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U. Here comes from of Definition I3.12I n (resp. 2m) is the number of 

formulas in F (resp. A). At this level, the polarity will be handled by the retraction 
f/ ® 1 > D. Hence, both the retraction structures 3 and 6 of Dehnition 13.11 are used. 

- The /ower interpretation, /„- G is a similar Gol formula to [ttI, but 

without assuming any reflexivity on 1. It is dehned on the level of multipoints. Here 
D™ comes from of Dehnition 13.121 n' (resp. 2m') is the sum, over formulas 
in r (resp. A), of the number of MLLP logical connectives (including literals) not 
bounded by polarity shifting operations. At this level, the polarity will be handled by 
the retraction 1 0 1 > 1. Hence, only retraction 3 of Dehnition 13.11 is used. 

Definition 3.17 (The two-layered Polarized Gol interpretation of MLLP proofs) An 
MLLP proof TT of h [A], F is interpreted by two endomorphisms 


[vr]] G C([/A,r, DA,r) and /tt G C(lA,r, lA,r) 

We see the polarized view as a two-layered interpretation: an upper layer [tt] at the level of 
rehexive objects U, a lower Is^er at the level of multipoints 1. 

We dehne simultaneously □ [tt] and by induction on tt. 


1. [Axiom): vr is \-P-^,P. 

Remember that Up = Up± = U and Ip = lp± := I"" for a certain natural number n. 


I TT ]] := su,u ■ Up ® Up± —> Up ® Up± 

f.jY i= ! 1 p 0 1 p± - y 1 p 0 1 p± 


where Up Up 


su,u = 



and — 



Each arrow consisting of the crossing denotes the permutation (between factors of 

the tensor foldings Ip and Ip^) which is induced by De Morgan duality between polarized 
formulas P and P-*-. 


2. [Cut): 


We dehne 


TT is 


h[W],P,AA h[A^Y,F^,5 
h[A',A",P,P^],A^,S 


[TT]] := T ([tt'I 0 [vr'i) r A := t (/^/ 0 /^//) r 


where r denotes the indicated exchange for the conclusions and the cut-formulas. Here r 
and its inverse t~ are simply permutations of the interface (denoted by L/( ) and 1( )). See 
the following: 

"^Notation: In Appendix 17.11 for traditional Gol, (e.g., see Figure El), we illustrate proofs of sequents 
h [A],r as I/O boxes with labelled wires as interface. In what follows below, for typographical reasons, we 
often omit the wires and just write I/O labels for the interface (e.g. see the Cut-Rule below.) 

On the I/O box, interface formulas are ordered (from top to bottom) as follows: first, the unique focused 
(positive) formula (if it exists), then the negative formulas, and finally the sequence A of cut formulas. 
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Up 


Up 


Ue 

Is 


Ip 


Ip 


Is 

Um 


Um 

Itt'I 

Um 


Um 

1a^ 


1a^ 

fn' 

Iat 


Iat 



Ua' 


Ua' 





1a' 


1a' 



Up 

T 


0 


T 

Up 

f •= 

r 


0 


r 

Ip 

Upi 


Ue 


Ue 


Up± 

IpX 


Is 


Is 


IpX 

Ua> 


Up± 

ki 

Up± 


Ua' 

1a' 


1 pX 

fn" 

IpX 


1a' 

Ua" 


Ua" 


Ua" 


Ua" 

1a" 


1a" 


1a" 


1a" 


In the following cases, we define [7r]]l G C{UA,r,UA,r) so that [vr]] = ja°lT^}^°ka, where 
ja and ka are the retractions for UA,r ^{kaja) C^A,r in equation (jl]) of the construction of 
multipoints after Dehnition 13.121 

3. {Linear Connectives): For a ^-rule, the interpretation remains that of the premise proof. 
For a 0-rule, the interpretations are the same as those of the cut-rule dehned above. To be 
precise: 

rule) We dehne 

|[7r]]t = and = U' 

(0 rule) We dehne 

= r^|7r']tr and U = r~ 

where r for (resp. for f.^) is Up 0 Uq 0 Ur' 0 Ur» 0 C/a' 0 Ua" —> Up® Ur' 0 Ua' 0 
C/q 0C/p"0C^A" (resp. lp0lQ0lr'0lr»0lA'0lA" —t lp0Ip/0 1 a'0 1q 0Ip"® 1 a")' 


Note that in the above Cases 1-3, [vr]]! and are dehned in the same way: replace 
C7’s by I’s. However this is no longer true in the following Cases 4 and 5 (cf. the paragraph 
above Dehnition I3.17p . 

4. {Polarity Changing 'I): 


: TT 

TT is h [A], jvi, P 


h[A],A4,tP 


t 


We dehne 


|[7r]l = Op,p 0 [vr'll with Ou,u ■ t U^. 

f-K =00 ((Oip,/ 0 lx 0 1a) ° /tt' ° (0/,ip, 0 lx ® 1a)) with 0 : 1 

See the following: 


1 . 


U^p = 


[TTjt ; = 


u . 
0 

Up 

Um 

Ua 


U 






t 

Up 

Um 

Ua 


IfP =C 


/.: = 


0/1 
/ —^Ip 

'^M 

1a 


A 


Ip - 

1a 
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5. {Polarity Changing \)\ 


TT is h [A], ju, N 

h ^ 

For the interpretation of this case, tm and !» of Dehnition 13.151 are used. We assume 

for a natural number m. Depending on the value of m, two morphisms gm and hm 

are defined as follows, modulo associativity of the monoidal (resp. comonoidal) structure of 
j (resp. k) (cf. Axiom 2 ’): let 

fi'm := (! 1™'”^)°-•-“(i <8 1)°! and := (r 0 1™“^)°• • • °(r 0 l)°r (8) 

to yield a retraction I™' 1- When m is 1, both gm and hm are defined to be Idi. 

In what follows, ° denotes eomposition modulo permutation o/ 0 . @ For an exchange r 
of the interface, the conjugate actions ( and '^( ) are defined as follows: x'^ = (r“ 0 

I™') ° X ° r and A: = r“ « x ° (r 0 I™'). 

We define: 


[ttI^ := 0 ° {hm^WV ® gm) ° 0, 

where 9~ = a ® \Un 0 Ua 0 and 0 = a* ® {Un 0 Ua 0 0 ■ 

See the following: 



We dehne: 


fn ■=v ° {hm 0 fn' 0 5'm) ° V 

where r;” = 1 0 Oi^,/ 0 ^( 1 a 0 !™') and 77 = 1 0 0 ( 1 a 0 r™)^. 

See the following: 

®That is, in composing two maps between tensors of objects, the matching of the codomain of one with 
the domain of the other is only up to permutation of the tensor factors. 
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Example 3.18 ([tt]] and of Definition 13.17^ The following two examples are inter¬ 
pretations of proofs in the Gol situation Rel of Example 13.21 and Example 13.141 in which a is 
identihed with the singleton subset {ria} ofN=U. In the following, matrices are UDC rep¬ 
resentations of Rel morphisms (see Appendix I7.2p . the blank elements denote 0 morphisms 
(i.e., empty relations) of appropriate types and Qm and hm are from (|H]). 

(i) Let TT be the unique cut-free proof for (the r^-expansion of h X-^,X). 

The side formula of the J,-rule of n is '[X so that = 1- It also holds that Ijx-l = 1- 
Then 



Ui 

Ux^ 

Ux 




Ui 

( 



{(n„,n„)}\ 


Ipc-L Ipc 

[-1’ - u7 


Idf/ 

Id[7 


and U = 

IfX 

^ Idi\ 

V J 


\{(n„,na)} 







They are obtained respectively from 



Ui 

Ux. 

Ux 

Gt 1 




Ipv 1 

Ui 

/ 



a°gi \ 



/ 


Ux^ 



Idt; 






Ux 


Idu 



and 

1-f-X 



Gt 









1 

\hioa* 



J 


1 

V hi 

/ 


when contracting the last two columns (resp. rows) respectively by r^x (resp. l-p^) and by r 
(resp. !). 

(ii) Let TT be the unique cut-free proof for l-|t(X 0 Y),Y-^ ^ X-^. 

The side formula of the 4,-rule of tt is Y^ ^ X^ so that ~ Both l 4 ;f(XigiY) and 


Then 


t/i 


ivrlt = 


f/t 


Uy±'^ 


( 


X-L 


{{na,na)} 

\ +{ina,na)} 


= (Y^ ^ X^f = U + U. 


Ux®Y 


t/t 

U^Y.^ X. 

\ 

Ui 

0 

/ 

{{na,na)} 

+{{na,na) 

+ 

1—1 

Ux<S)Y 

V 

+ 

1—1 
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and 




h = 


Hi + Idi 


ly-L^x-L 

Hi + Hi 


They are obtained respectively from 



Ui 

Ux^Y Uf 

E^yi^ x-L 

P 


l4t(^0y) 

^y-LT^x-L 

Ui 

f 



a°fl'2 \ 

l4.KX0y) 

/ 

92 \ 

Ux®Y 

E^y^^ x-L 


Idp+p 

Hp+p 


and lyx 2 §y^x 



U 

( h2°a* 



/ 

P 

V h2 

/ 


when contracting the last two colnmns (resp. rows) respectively by (resp. !yx 2 j x-^) 

and by (resp. !^). 

Remark 3.19 (On degenerate Gol situations) In Example 13.31 we noted that the two 
polarized Gol sitnations Pfn and PInj are degenerate. We can now say why we chose this 
terminology. The reader can check that in both Pfn and PInj , the interpretation above of 
the polarity-changing rnle j, has no effect; that is, [tt]] = Ivr'] for the conclnsion of this rnle. 
This is dehnitely not the case in the Rel model. 

Definition 3.20 (Polarized Execution formulas) Let cr = the m-fold tensor prod- 
net of the symmetry s = Su,u, and a* = G)™ iSj where each s* is the symmetry iti 

for certain £j. The s corresponds to the permntation between dnal ent formnlas so that 

U = Up = Up± and the s* corresponds to the permntation indneed by De Morgan dnality 
for dnal ent formnlas so that H ^ ip ^ ipx. Then polarized execution formulas are defined 
both on [tt]] and on /^r as follows: 

Ex(|l7rl,o-) := Tr^^p^ ((Hpj, (g)cr)o[7rl) = Tr’STun ((Hp™ 0o-)o|7rl) 

Ex(/^, 0-*) := Trjf ((Idij, G)a*)°|[7rl) = ((H^,,/ 0(7*)°/^) 

Note: Ex( [tt]] , cr) G EndciJJr) = EndciU"^) and Ex(/^,cr*) G Endc{'^v) = EndciV^'), as 
pictnred below. 


Uv 





Uv 


Ua 




Ex(|[7rl, cr) Ex(/^,c7*) 

Fignre 2: Exeention Formnlas on [vr]] and on /^r of Polarized Proofs of h [A], P 
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3.4 Polarized execution formulas are an invariant for cut-elimination 
In MELL, the execution formula is only an invariant of normalization for sequents not con¬ 
taining “?” (see mm)- But in MLLP, 'I' and I are logically weak (although still functorial) 
operators. In the case of the exponentials in [1], semantical axioms inspired directly from 
the syntactical rules of ! and ? in linear logic are imposed on top of the Gol situation. Here, 
for the weaker polarized case, we instead use the multipoint semantical structure to simulate 
the logically weak and I- That is the purpose of the rather subtle retraction structure 
of multipoints. The simulation is indirect in the sense that the notion of multipoint does 
not live in the syntax of MLLP. But semantically the notion is fine-grained enough to suf¬ 
ficiently simulate t and J,. This allows us to prove the execution formula is a full invariant 
for cut-elimination, in the sense of the following Proposition. 


Proposition 3.21 (Ex is an invariant) If tt — >■* n' by MLLP cut-elimination, then 
Ex(|[7rl,o-) = Ex(|7r'],(j') and Ex(/jr,(J*) = Ex(/^/, (cr')*). In particular, if n' is a (cut- 
free) normal form of tt, then (since a' and (cr')* are Idj) we have: Ex([7r]], cr) = [tt'] and 
Ex(/^,o-*) = /^/. 

Proof. The crucial polarized case is where tt contains cut formulas and fP, which are 
transformed into the cut formulas P-^ and P of tt' by cut elimination. The other cases are 
similar to the non-polarized MLL case. So the crucial case is that of a proof vr, ending with 
a cut between f P and f P-^, which has the following form. A one-step reduction then gives 
rise to the proof ending with a cut between P in 7r( and P-^ in tt^: 


TT, 


TTn 






t 




h [■■■],iP^,M 


h[--- AP,IP^], 




h 

cut 


Recall the definition of the interpretations of polarity changing f (see 4 of Definition 13. 17p ). 
where f7.|- — )■ occurring in the construction of [tt]] (for the principal t) is the zero mor¬ 
phism. This directly means that in (Id<8)s”^)°|[7r]] there arise no new loops via f/j- and for 
the fP and fP in the last cut. Hence the trace of (Id(8)s™')°[7r']= the trace of (Id(8)s™')°|[7r]]. 
Let us calculate this precisely using the trace axioms. Let tti (resp. 712 ) denote 7r( (resp. tt^) 
applied by f (resp. by ),) -rule to P (resp. to P^). Let T, (resp. T) be conclusions with the 
list of cut-formulas of tt' (resp. tt). 

[vTi = |7r( |i 0 (c : 17^ —)■ U^f) with c = 0 

|[vr 2 ]]i = {\m ® EA^\x)°{|7r2| 0 (a : ^ 1”^) 0 (fe : 1”^ — )■ L|)}°(r_A4 0 Uy'.^\m) 

where 1m = I*”, o = hm°oi* and b = a°gm- 
[vrli = [TTiji 0 |[7r2]]i 

= (\m 0 C^r\A^)°{([7r'i| 0 c) 0 ([yra] ®a®h)}°{rM 0 Uy\m) 

Note that the compositions and precompositions of the middle arrows occurring in the above 
(R.H.S) are modulo permutations of their domains and codomains. 
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In the following proof, Ux is simply abbreviated by x\ it is either a formula A or a sequence 
A4. We abbreviate and Ui by t and I- For the proof, it suffices to show 

®Sp,px)°([a]’^ (g) [vTa]^) (9) 

where id = Idr\{p,p±} and [tt']! = <g) 

For proving ([9]), we start with observing the following identity derivable by generalized 
yanking (Appendix 17.3p . vanishing and dinaturality in a traced monoidal category. 

(Iterated generalized yanking) 

For any morphisms / : X —> U, g \ U —> V and h : V —>■ y in a traced monoidal 
category, 

((syp 0 V)o(V 0 sc/,v)°(h 0 f 0 g)) = h-g-f (10) 


Pictorially, this says; 


V 

h 

Y V 

X ^ 

f 

9 


u 

V u 


The (L.H.S) of (E]), by naturality w.r.t vm and \mi is equal to 


A 


U 


V 


V 


(Im 0 Idr\{x,4.,t})° 

[vrap 0 a 0 6)}o(r^^ 0 Idr\{Ai,;,t}) (11) 

The middle arrow of flTT]) is, by superposing, equal to 

(id 0 0 Syp±)o(|7r^|i 0 |vr 2 |^) 0 (a 0 fe 0 c) 

which by flTOl) . is equal to (id0 syj, 0 Sppx)°(|7r( |f 0 Itt^P) 0 a°c°b. 

This amounts to showing that flTT]) is equal to the (R.H.S) of ([9]) by Axiom 9’ since a°c°b 
when c = 0. See Appendix 17.61 for a pictorial representation of the above calculations. 

The analogous assertion for and is easily checked in the bottom layer. 

Example 3.22 (Extrusion of ),-boxes by expanding Ex) In the dynamics of normal¬ 
ization, extrusion of 4,-boxes depicted in Example 12.31 is captured by running the execution 
formula. Let us illustrate this phenomenon in Rel, considered as a polarized Gol situation 
arising from Haghverdi’s notion of a UDC (Unique Decomposition Category) (see Appendix 
17.2p . In this case, the execution formulas (dehned via traces) can be written in Girard’s 
original form of a power series, as in (1T8|) of Dehnition 17.11 in Appendix 17.11 and have a 
matrix representation. 


= 0 

□ 
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This phenomenon is sufficiently explained by examining the lower layer (= multipoint) 
interpretation of the three proofs {i = 1,2,3) together with permutation cr* = ® 

■Sij.g, 1 - 1-2 cuts, which are common to the three proofs: 



111 Its 

Ifi Ip Ip Ip 

Ip 

/ 5*3 

5*1 5*2\ 

lt3 

5*3 

1 

Itl 

5*1 


IP 


1 

IP 

1 


lt2 

V5*2 

1 / 


a. = 


Itl 

1 



lt2 

1 


In the above, 1 abbreviates Idi and Sij is the Kronecker delta. Note that the normal form 
TT of TTi, 712 and TTa is the 7]-expansion of the axiom-link, hence is interpreted by the 2x2 
anti-diagonal identity matrix indexed with and l-i-g. 

The scope extrusion of Example 12.31 is represented by the expansion of the Execution for¬ 
mula i?x(/ 7 ri, ^*) (i-6-! taking the trace of (Id <S><7*)°fni))- Note that the boxj with j G {1, 2, 3} 
is represented by the two paired elements dij in the symmetric matrix ., while the symmet¬ 
ric pair of Is at (l^., 1-|-J and with i G {2, 3} represents the box introduced by h- 

Then, the calculation passes through Ea;(/^ 2 , a*), then a*) and finally will terminate 

in /^. Here, the lower left 5*1 moves to the lower left 5*2 by the action of {fni )22 (^*{.fni) 2 i- 
Then it moves finally to the lower left 5*3 by the action of (/,ri)i 2 <^*{ 1 ^ 1)22 c’‘*(/ 7 ri) 2 i- This 
says that as j decreases, the sum for Ex^f^^.^a^) becomes “finer grained”: that is, the infor¬ 
mation flow realized in the sum of Ex{fT^., cr*) can be retrieved from that in Ex{fT^., a*) with 
i > j. For the information flow arising from the Execution formula in a UDC, the reader is 
referred to Appendices 17.1117^ and Haghverdi’s thesis [19]. 

3.5 Polarized execution formulas characterize focusing 

As we saw above in MLLP, the execution formula yields invariants of the dynamical process of 
cut-elimination. In this section we give a second property peculiar to the polarized execution 
formula. As far as we know it has no analogue in traditional linear logic. 

Our main result is that the execution formula in polarized Gol situations is able to 
characterize the focusing property, which is the fundamental characteristic of polarized logics. 
Observe that in a polarized Gol situation, a proof tt of an MLLP sequent is interpreted as 
a pair ([tt]],/,*). This interpretation does not capture the focusing property. Instead, the 
Gol situation only provides an interpretation of polarities in terms of multipoints arising 
from the retractions U ® \> U for [tt]] and 1™ (8) 1"^ > 1™ for /**. We may now ask: 

how do we semantically obtain the stronger notion of positivity/negativity? We show that 
this stronger property can be characterized in terms of preservation of multipoints through 
running the execution formulas. These results are described in Proposition 13.251 below. For 
this proposition, we introduce the following definition: 

Definition 3.23 (restriction and range of morphisms) 

Let C be a polarized Gol situation. 

- In the presence of 0 morphisms of C, the two morphisms i* and pj are derivable, as 
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follows: 


Li : Xj ~ ® I 

Pj : (^ Xi ~ Xj (g) (g) Xi 

i£K ie/s'Xb} 




Xj® 0 X, ~0x, 

i£K 

Xi<a ® I 

ieK\{j} 


so that pkLj = Xi if j = k and Oxj,Xk otherwise (These are called quasi-injections and 
quasi-projections in [l9l|2T]) 

- For a morphism / with domain its restriction to Xj is the morphism foij. 

- For a morphism / with codomain / ranges over Xj if {ij°Pj)°f = /• 


The following lemma will be used for Proposition 13.251 
Lemma 3.24 (Trace on zero morphisms) 

Zero morphisms satisfy the following property. For any morphism f : X ® U —)■ Y 0 U: 


Ti'x,y {f°{X ® 0f/,[/)) = pi°f °Li = Tr^ y ((X ® Ou,u)°f) 

where li = X 0 Oj u and pi = X 0 Ouj 

Proof. We prove the hrst equation (a similar calculation goes for the second). 


Tr^^y (/o(X 0 Tr^^y ((X 0 OuMiX 0 Oj,u)) (X 0 Oc;,/)o/o(X 0 0,,^;) 


dinat. j 


vanishing 


□ 

Notation: for a sequence F containing a formula A, consider the composition 

1a > Ua —^ Ur , where l is the quasi-injection induced by the embedding of A into F. 
This is denoted (by abuse of notation) by mp(y4) : 1 a —> Ur, leaving the l implicit. 


Proposition 3.25 (focnsing = invariance of mp) Let vr be an MLLP proof of a seguent 
h [A], W, P, where P is a positive formula. Then the execution formulas over [vr]] and over 
fjr give rise to the following commutative diagram: 


jj Ex(|[7r]],cr) 

Fn,p - 


Um,p 


mp(P) 


mp(At) 


Ip 


Ex(/7r,0-*) 


Iv 


The bottom arrow of this diagram indicates that Ex(/^,cr*), when its domain is restricted to 
Ip, ranges over Ijg. 
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Proof. We prove the proposition directly for Case 1 (axiom) and Case 4 (), rnle) and by 
induction on the size of tt for the other cases. Note: symbols used in the proof are the same 
as those in Dehnition 13.171 


1.(Axiom:) 

The following diagram commutes because multipoints associated with De Morgan dual for¬ 
mulas are equal by the duality-induced permutation on their domains (which are foldings of 
tensors of I’s). 

Up ® Up± - Up ® Up± 


mp(P)®0 


0(S)mp(P-'-) 


Ip (8) Ipx -^ ® Ip^ 


2. (Linear connectives:) 

We prove it for a proof tt ending with the 0-rule (the result is obvious for the ^-rule). 
Suppose TT is 

: TTi : 1^2 

h [A2 ];m2,p2 

h [Ai,A2],W1i,M2,Pi0P2 

First, note that 


Ex(|[7ri] 0 |7r2]],(Ti 0 (T 2 ) = Ex(|[7ri]],(Ti) 0 Ex([7r2]],a2) 
Ex(/^i 0 ^ 2 , (0-1)* 0 (0-2)*) = Ex(/^^, (cTi)*) 0 Ex(/^ 2 , (0-2)*) 


where the cTj are iterated tensors of symmetries s, representing the cut formulas in tt,, for 

i = 1 , 2 . 

Then commutativity of the hrst diagram by I.H. yields directly that of the second where 


n = ni + 712: 

Ex(|[7ri]],o-i) 
^Mi,Pi -^ 

mp(Pi) 

Ip: 


j=l,2 


^MuPi 




1 


Mi 


JJ Ex(|[7r]],o-) 

^Ml,M2,Pi®P2 ^ ^Ml,M2,Pi®P2 


mp(Pi)®mp(P 2 ) 

Ipj 0 Ipj 


Ex(/,r,o-*) 


mp(A1i)®mp(Al2) 
1 mi ® ^M 2 


3.(Polarity Changing'I:) 

This case never happens since a conclusion of any such proof does not contain a positive 
formula. 


A. (Polarity Changing I:) 

Let := I™- First, see the following diagram for the commutativity!^: 


«™°/7r = 

®For typographical simplicity, we rotated the diagram 90 degrees clockwise 
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where /tt is restricted to I 4 JV = 


1 . 


l4Af = 1 




" ® ^I,mU 


® ® Ue 





In the diagram, S denotes A,N. The upper right pentagon commutes because a*°a = Idi. 
The left pentagon commutes from the dehnition of /jr. The lower right square is ^0 lifting 
along a”* of Proposition 13.161 hence commutes. These three commutativities imply that of 
the outer most square. 

Then the following is a composition of the above outermost square (L.H.S below) with 
the R.H.S square: 


j-r TT 


a=rr\p{lN) 

l4Af ■ 


a”'=mp{M) 




( 12 ) 


From flT^ and the construction of [Trji and of in this case, the following diagram com¬ 
mutes, whose upper (resp. lower) middle morphism is the composition of the upper (resp. 
lower but relaxing the restriction on its domain and codomain) horizontal morphisms of flT^ . 


I 0 Um ® UiN -^ UA,M,iN 




10 1 m ® I4W-^ 1 a,a^,pv 


TT ^Ui^,I®Um,XN 

^ I ® Um ® U^ 




lA,A^,4Af-^ I ® ® IpV 


The assertion is proved by Lemma 13.241 on I/a (resp. 1 a) for the horizontal upper (resp. 
lower) compositions of the above diagram. 



































5.(Cut:) 0 

This case uses the following property of the associativity of cut (cf. [ 2 T]): 

Ex(|[ 7 r]],cr( 8 )s) = Ex(Ex([ 7 r]],c 7 ),s) and Ex(/^, cr* (g) s*) = Ex(Ex(/^, a*), s*) 
where s corresponds to the last cut of vr. 

The sequence S of Case 2 of Dehnition 13.171 must be of the form Q, M with a positive 
Q: i.e., vr is 


: w' : tt" 

h[A^P,AA h lA"],F^,Q,M 


cut 


Note hrst that a = a' ® a” with a' (resp. a”) representing all the cuts of tt' (resp. vr"). 
The I.H. implies the following two diagrams commute: 


TT Ex(|[ 7 r']],(T') 

Up,M -^ 


mp(P) 
Ip 


ex(/p,c7:) 


mp(At) 

■ lAt 


mp(Q) 




mp(P-L,A^) 
1 pi ® IjVI 


Ex(/p/,f7") 

Since [tt]] = Ivr'] (g) [tt"] modulo permutation of interface, 

Ex([ 7 rl,(T) = Ex(| 7 r'l,(T') (g) Ex([vr" 1, a") 


Then 


{Um,qm ® S(7p,[/pi)°Ex(|[7rl,(T) = {Um,qm ® sc/p,c/^x)°(Ex([7ri,c7') 0 Ex( [tt"!, a")) 

This composing morphisms is realized by the upper horizontal morphisms of the following 
composition of the two commutative squares whose left one is obtained by tensoring the 
above two squares: 


Up^M ® Up± Q _M 


Ex( I tt' ]] ,(T')(g)Ex( |[ tt" ]] ,o-") 


I 

tip,At 0 Up±^Q J^ 


Uj\r,Q,M^sup,u 


Uj\f^Q^M ® Upp± 


mp(P)(g)mp{Q) 


mp(P^)(g)mp(At,A 4 ) 


mp(P)®mp(At,A^) 


Ip 0 1 q 


Ex(/( 7 r'), 0 )(giEx{/( 7 r"),tT")‘ 


lAt 0 Ipi 0 1 a4 




l_/y 0 1 _a 4 0 Ip 


In the outermost square, taking trace along Up 0 Up± (resp. along Ip 0 Ipx) of the 
upper (resp. the lower) horizontal morphism, by Corollary 13.Ill fstrong uniformity) we have 
the following diagram, which is the assertion by virtue of the associativity mentioned at the 
beginning of this case. 


^This is the case where Corollary 13. Ill (strong uniformity) is used. 
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Uj\r ® Uq^m -^ U_\f ® Uq^m 


mp(Q) 


mp(A/’)®mp(A^) 






0 \m 


□ 


Remark 3.26 (weak pullback) [§ The square diagram in Proposition 13.251 determines a 
weak pull back in a restricted sense. That is, the weak universal property holds for any 
given morphisms 1 —)■ hV.p and 1 —)■ so that the common domain 1 of the two 
morphisms is restricted to be of the form I™'. 

Example 3.27 (invariance of Proposition [3T25|) We give two examples of Proposition 
13.251 for the interpretations shown in Example 13.181 In these examples Ex(|[ 7 r]], a) and 
Ex(/,r,c’‘*) are [tt]] and respectively, since tt is cut-free. 

(i) In this case, P and M. ="\X. 

Since f-^ restricted to Ijx-l := 1 ranges over 1-f-x, the Proposition follows from 

|[7r]^°(a : — > Ui) = (a : l^x —> U-^yf-w under this restriction. 

Recall that in the Rel examples, the equated morphisms are identified with {uq,}. 

(ii) In this case, P =|t(df 0 Y) and M = Y-^ ^ X-^. 

Since f-^ restricted to l 4 ,-f(X(g)y) ranges over lyx 0 I^-l, the commutativity follows from: 

|[ 7 r]]^o(Q: : t Uy = (a^ : 1y±o^ ^ x±)°fn under the restriction. 

The equated morphisms are identihed with {ua} + {n-a}. 

We now show there a kind of “converse”: any MLLP-provable sequent h [A],7\/', A with 
A invariant in the sense of the diagram in Proposition 13.251 must have A positive. More 
precisely: 

Proposition 3.28 (converse of focusing) Let\- [A], Wl, A be a sequent provable in MLLP 
such that A contains a polarity changing connective and AA. is a sequence of negative formu¬ 
las. If the following diagram nontrivially commutes in all mode/J§ 

jr Ex(|[7r]],f7) 

^M,A -^ UmA 


mp(A) 


mp(M) 


1 a' 


Ex(/,r,0-*) 




then A is a positive formula. 

® The notion of weak pull back plays a fundamental role later in Section 4. 

® We say a commutative diagram trivially commutes if the unique arrow in it is the zero morphism, and 
nontrivially commutes if it is not the zero morphism. 
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Proof. It suffices to prove the assertion for cut-free proofs for h j\4,A so that Ex(|[7r]], cr) 
and Ex(/^,(T*) become respectively [vr]] and f-^ because of the invariance of cut-elimination 
of Proposition 13.211 For the proof, we make the following observation, which is proved for 
/tt by induction on the construction of proofs tt: 

For a positive formula Q and any negative formula M in a conclusion of a cut-free focused 
proof TT, the following holds in any Rel polarized Gol situation: 

[1m]U n 1 q ^ 0 (13) 

(cf. Notation 15. II for Rel in Section |5] below.) 0 

We prove Proposition 13.281 bv contradiction; suppose that A is negative and consider the 
polarized Gol situation Rel. From the assumption, the given cut-free proof tt has the bottom 
most t-rule, say / whose principal formula is denoted by t Q, so that any inference (if it 
exists) below I is either the ^ -rule or exchange. Let vr' be the subproof of tt ending at the 
premise of I. Then we have the following: 

fir — fn' G Oi^ modulo exchange rules below I. 

(Gase 1) The case where the distinguished occurrence occurs in Ai: 

In this case, Ai is constructed from negative formulas and the Q via ^-connectives and 
commas. The conclusion of tt' has occurrences Q and a factorization A' of A by means of 
^ -rules below 1. Note that 1a' ^ 1a- Because tt' is focused, we have [Ia'I/tt' G Iq 7 ^ 0 by 
firsj) . On the other hand, since '[Q occurs in Ai but 1^ fl Iq = 0, we have 1q O 1m = 0- 
This contradicts that /tt restricted to 1 a ranges over 1m- 
(Gase 2) The case where the distinguished occurrence occurs in A: 

In this case A is constructed from negative formulas and the t Q via ^ -connectives. 

(Gase 2.1) The case where A =tQ- 

From the dehnition of the interpretation of the t-rule, restricted to 1a = 1 is 0, hence 
the diagram trivially commutes. 

(Gase 2.2) Otherwise. In this case Q and another factor A' both occur in the conclusion of 
tt', where A! as well as tQ is a factorization of A by means of ^-rules below I. By the same 
argument for Q and W as Gase 1 (but more directly) 1 q 0 1m = 0; since this Q does not 
occur in Ai), we have a contradiction. 

□ 


4 Constructing a compact polarized category via Gol 

In this section we describe certain kinds of polarized categories arising from a different view 
of Gol; namely, from Joyal-Street-Verity’s Int-construction in the multipointed setting. Al¬ 
though the material of this section is formally independent of the previous Section [3l it 
highlights different aspects of Gol arising from Int-constructions, in particular the construc¬ 
tion of compact polarized models in the sense of our previous paper [23] . 

Proof of (fT51) : Note first that the last rule of tt must not be f-rule. Since the induction is straightforward 
for the axiom and linear connectives ® and ^ , we prove the case when the last rule is f. The corresponding 
case of Definition 13.171 savs that [lx] A D 1^ so that lx = 1"* and 1^ = 1, which directly implies (IT^ . 
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4.1 Polarized logic and polarized categories 

In Section [2] we described O. Laurent’s polarized multiplicative linear logic MLLP. For ref¬ 
erences to polarized categories, the reader is referred to our own paper [23], as well as the 
original sources referred to there. We begin with a very general dehnition of a polarized cat¬ 
egorical model for MLLP. Our models are included among Cockett-Seely polarized categories 
[To] , although theirs are considerably more general. The dehnition below is simpler than 
assumed in our previous paper [23], which emphasized full completeness theorems. As also 
mentioned there, our previous categorical models (as well as the categorical models below) 
are related to the dialogue categories and dialogue chiralities of Paul-Andre Mellies [35113^ . 
although our motivation arises from the proof theory of MLLP. 

Definition 4.1 (Polarized Categories) K polarized category ((C+,C_),C) consists of the 
following data: 

• A pair of monoidal categories (C_|_, ®) and (C_, ^ ) called positive (resp. negative) . 

• A contravariant monoidal equivalence ( )■'■ of the two categories: 

(_)^ : (C+)°^ A C_ 

• {Polarity changing functors) A pair of adjoint functors t ^ T; where T: C+ —> and 

f: C_ —)■ C_|_. Diagrammatically: 


• De Morgan duality for f and T (wrt the monoidal equivalence): 

(;A)^ and (tX)^ 

• A bimodule 0 C : C°^ x C_ —)■ Set satisfying that there is a natural equivalence: 

C{P,N) = C+{P,iN) for all P G C+, e C_. 

This may be written as a reversible “rule”: 

C{P. N) 

C+{PAN) ^ 

Remark 4.2 By duality, there is a dual rule: 

C-{fP,N) 

C{P,N) ' 

In the language of distributors (profunctors), we are demanding that C be left and right 
representable [30] and compatible with ( )-'-. 

^^Intuitively, families of nonfocused proofs 
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At the *-autonomous category level (0, ^ , ( )■*■), the various coherence theorems in [9] guar¬ 
antee negation can be taken to be strictly involutive (along with strict monoidal structure 
for each monoidal product). We have not, however, examined the more general question of 
strictness for polarized categories. 

Remark 4.3 ( The case where the profunctor C is a horn functor C(—,—) ) A po¬ 
larized category arises from the following framework of adjoint functors L H j, and ^ H i? 
with contravariant equivalence ( )■*■, as shown in the following diagram: 


C 



These functors are subject to a natural isomorphism ("( L( j)-*- ~j, R{ j-*- between two 
endofunctors on C+. In this framework, the polarity changing functors for Dehnition 14.11 are 
dehned by t °L and I °R: 

The following dehnition of compactness is sufficient for the purposes of this paper, al¬ 
though more general frameworks are possible. 

Definition 4.4 (Compact Polarized Category) We say a polarized category is compact 
if 

• c7 = c_. 

• (A 0 B)^ = 0 for all objects A, B. 

A compact polarized category is degenerate if I (equivalently t) is the identity functor. 

Examples of compact polarized categories include various categories of multipointed re¬ 
lations (arising in work of Hamano and Takemura [21]), as well as various polarized Int- 
categories arising from Gol, to be discussed below. The reader is referred to Section |5] for 
the above-mentioned category of multipointed relations. An analogous approach to pointed 
relations is seen in Ehrhard’s category PpL of preorders with projections Un- 
Remark 4.5 Although the notion of compact polarized category may appear to be “degen¬ 
erate” in some informal sense, nevertheless the notion is sufficiently robust to distinguish the 
two key proofs in our paper [23| (Example 2.2). In other words, compact polarized categories 
are adequate to account for j,-boxes in MLLP. These boxes are intrinsic for MLLP, but not 
for the weaker logic MLL'*'^ of [3l] . 

4.2 The Int construction 

The original connection of Gol to categories was realized by several researchers (e.g. M. 
Hyland and S. Abramsky) as being related to the so-called Int-construction in the original 
paper of Joyal-Street Verity [29]. Further history and related notions are discussed in the 
paper of Abramsky, Haghverdi, and Scott [T]. 
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Given a traced monoidal category C, we can define a compact closed category Int(C) as 
follows: an object is a pair (A+, A~) of C-objects and a morphism / : (^4+, A~) —> (S’*', B~) 
is a C-morphism / : A'^ 0 B~ —> B^ 0 A~. The composition of Int(C) is defined by 

9°f = Tr^+®c-. c+®A-((C'^ sb-,a-)< 9 ® A-y{B+ 0 SA-,c-)<f ® C'-)o(yl+ ® sc-,b-)) (14) 

This composition is shown in Figure 3 below, after Proposition 14.81 An arrow (A"*", A“) 

J 

(B~^,B~) G Int(C) is really an arrow A'^ 0 B~ B^ 0 A~ E C. We picture the arrow 
pointing upwards and denote it by a box, with the four objects at the corners. The domain 
A+ (g) B~ is denoted by the lower edge, the codomain 5+ ® A~ denoted by the upper edge. 

We would like to think of an Int(C) morphism / : — > {B~^,B~) intuitively as a 

bidirectional data flow: a pair of arrows, one from A'^ to B~^ and the other “backwards” 
from B~ to A~. Unfortunately, this view of / is only heuristic; officially, / is not a tensor of 
two maps going in opposite directions, i.e. f ^ g0h, where g : A+ —)■ B~^ and h : B~ —)■ A~. 
However, in the following subsections, we shall explicitly model this bidirectional dataflow 
by using multipoints. 


4.3 A polarized Int construction 

In what follows in this subsection, let C be a traced monoidal category 


(C,(8),/, s,l,(!,r),0) 


with 0 morphisms (Axiom 8) and a distinguished object 1 satisfying the retraction 1(8)1 1 

(Axiom 3) of Definition 13.11 of the previous Section. Moreover C is supposed to satisfy the 
following variations of the Lifting properties (Axiom 6’) and (Axiom ^in which U can be 
taken to be any object A of C and (3 can be any morphism 1”* —> A: 

Axiom 6” for Section |4] : (Lifting Property along (3) 

For any object A of C, any non-zero natural number m and any morphism f3 : 1”^ —> A, 
there exists a retraction pair A® 1™ ^.p) A lifting the retraction 1™® 1™ >(im 1"* along 

/3: 


A® 1”^ 

fm (g) im 


rp 


|m 


r 


m 


A 

P 


Axiom 9’ for Section [4] 

For any morphism f : V 0 Xi —> lU ® A 2 with X G {A, 1}, any non-zero natural number 
mi, and any morphism I3i : 1”^“ —> Aj, 


( 1 F®!^ 2 )°(/® 0 imigm 2 )o(U ® = / aud (1F®!)°(/® 0 i™i,i™ 2 )°(U ® r) = / 

Note that we make the convention (I™')* denotes 1™L See the following figure for the respec¬ 
tive equations when A = A and A = 1: 

^^Note: unlike in the previous Section, here A is not assumed to have any retraction structure and we also 
assume A (g) 1"* >(\p,rp) A lifts the m-fold retraction structure of 1 (8) 1 l>(!,r) 1 on 1. 
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Notation 4.6 (morphism fxix ) For a morphism / : Xi ® X 2 —)■ Yi 0 Y 2 , we denote by 
fxi,Yj ■ ^ the following composition (where ( ) + 1 is mod 2)): 






■ Xj 0 Xj_|_i ~ Xi 0 X2 






Y,'®0v 


j+i’ 


•>S' 




Definition 4.7 (Positive category Intp(C)) The positive category Intp(C) consists of the 
following data: 

• objects are mnltipointed objects of Intp(C): 

where {A'^,A~) is an object of Int(C) and for * G {+,—}, is a morphism 

1™* > A* , whose domain is the m*-ary tensor-folding of 1. Here m* is a natn- 

ral nnmber associated to a*. We call a* a multipoint of A*. 

• morphisms are 3-tnples: 




(/,/+,/-) 


(B;.: 


B-S-) 


where 


- / : —)■ is a morphism in Int(C). 

- /+ and /_ are morphisms in C making the following respective diagrams weak 
pnllbacks wrt the indicated morphisms (see Notation 14.61 1: 

fA+,B+ tB—,A— 


yl+ 


B+ 


B- 


WPB 


/3+ 

+ 


WPB 


f+ f- 

f makes the following diagram commnte: 


■A 


B- B* 


13+ 

+ 
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Diagrammatically a morphism (/, /+, /_) of Intp(C) is described as follows: 


B+ 

/ 3 + 


A 




B- 



/ 3 - 

n~ 


In the above diagram, we say /+ and /_ represent the bidirectional dataflow implicit in the 
npper arrow /. 

Proposition 4.8 Intp(C) forms a monoidal eategory. 

Proof. Id(^+ X is defined by (Id(A+,A-), Id+, Id_) where Id* is Id on the domain of a* with 

’ Ci~ 

* e {+, —Since the first element of the tnple is IdA+ 0ldA- in C, Id(^+ ■, belongs to 

Intp(C). It is immediate that the tensor product of Int(C) is closed in Intp(C). We show that 
Int(C) composition preserves the positivity of morphisms. Recall the composition of two 

Int(C) morphisms and {B~^, B~) —^ given in Equation 

flT^ and Figure 3 below. 

The general Intp(C) composition with multipoints is shown in Figure 5 below. It repre¬ 
sents the morphism {g, g+, f+, f_). Here the top plane corresponds to the ordinary 

Int(C) composition in Figure 3 below. The bottom plane represents the analogous composi¬ 
tion at the level of multipoints, and is illustrated separately in Figure 4 below. 

Preservation of weak pullbacks is explained diagrammatically in Figure 5 below. The left 
vertical WPBs in the diagram compose to form a WPB. The right vertical WPBs become a 
WPB because of generalized yanking in Appendix 17.31 q 
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Figure 5: Composition {g,g^,g_) o in Intp(C) (the top plane is from Figure 3 

and the bottom plane is from Figure 4.) 

Obviously there is a forgetful functor | | ; Intp(C) —)■ Int(C). 

Definition 4.9 (functor J,) The functor J,; Int(C) —> Intp(C) is defined as follows: 

- On objects: \,{A^,A~) := ((A+ 0 l)i, {A~ 0 l)i), where {A* 0 l)i denotes 

adjoining the point 1 = 1^1 -—> ^ ^ ^ |+, —|. 

- On morphisms: for / : {A'^,A~) —> dehne 

;/ : ((A+ 0 l)i, {A- 0 l)i) ^ {{B+ 0 l)i, {B- 0 l)i) 

as If := (si,p+ 0 A~ 0 1)°(1 0/0 1)°(sa+,i 0 B~ 0 1) and /+ and /_ are Id’s on 1. 
Diagrammatically, 



^"^The rightmost feedback arrow on the lower level maps 1" (below the upper B ) to 1” . 
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Proposition 4.10 (adjunction) 

I is right adjoint to the forgetful functor \ \, i.e. 

lnt(C)((A+,A-).(S+,B-)) “ lntp(C)((yl+,,^;_),((B+®l)i,(B-®l)0) (15) 

Proof. Note first ffT^ gives the required adjunction, because = |(A^+,A“_)| and 

B~) = {{B~^ ® l)i, {B~ ® l)i). The natural bijection in flTHl) is given by: 

• (From right to left); dehne e(s+,n-) i{B^, B~) = (5+01, i?“®l) —)■ {B~^, B~)hj: 


Hb+,b-) 


B+ 


B- 


B+^Oi^B 


5+ 


B- 


B+^s 


5+0 5“ 


modulo canonical associativity isomorphisms of 0. Then e is the co-unit of the ad¬ 
junction. Given a morphism g of the R.H.S, we obtain a morphism of the L.H.S. by 
composing with e(^B+,B-)- That is, by the composition of Int(C), 


^{B+,B-)°g 


vanishing 


-r B-®l ( (-S’*" 0 SB-®l,A-)°(e(B+,B-) 0 ^ )° \ 

^ (R+ 0 1 0 SA-,B-y{9 ® B-y{A+ 0 Sb-,b-^i) ) 

A+®B- ,B+®A- {{{B+ 0 s^^a-)<B+ ®A-® t)^yg) 0 B-) 

TrA+0ij-,s+®A- {{B+ 0 si,a-)°( 5+ 0 0i 0 A-yg) (16) 


• (Prom left to right): This is the part where weak pullbacks will be used. 

Given a morphism / : {A'^,A~) —)■ {B~^,B~) from the L.H.S. 

H+- A- 

\ / \ 

H+- B- 

f : {A'^+,A~_) —> 1{B^, B~) := ((H+0l)i, (i?“0l)i) is constructed by the following 
diagram: 



where the upper (outer) square denotes the morphism f constructed and the paral¬ 
lelogram (inside the square) with the vertices A'^ 0 1™^, B~ 0 1, B^ 0 1,A~ 0 1™ 
denotes the following morphism with g^r '■ 1™^ — > 1 and hm- '■ 1 —t of ([8]): 
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(si,b+( 8)A 0 1™ )o(^m+0 / 0 (g) S 0 1): 

(gl+ 0 0 {B- 0 1) —^ (5+ 0 1) 0 {A- 0 1”^") 

The vertical square on the right front face and the left rear face are lifting properties 
(Axiom 6”) over a~^ and a~, respectively. Hence 


/' := (Sl,B+0!a-)°(5'm+ ® ® /im-)°(r'a+ ® 5 ® 1 ) ( 17 ) 


In the bottom surface, and f'_ are constructed by composing the bottom arrows in 
the diagram. The right and left faces are shown to be WPB’s by virtue of the fact that 
the two morphisms g 2 m.°^'^ and \^°h 2 m give the retraction structure H" > 1. 


Finally we show that when the f of flTT)) is applied to the above “from right to left” con¬ 
struction, then the original / is recovered. 

® ((5+ 0 Si,a-)o(H+ 0 0i 0 A-yf) 

= modulo symmetry 


Tr 


1 

A+0B- ,i?+(g)A- 


(H+0!„- 0 l)o(H+ 0 A- 0 s^_^„-)o(si,b+®a- ® 1”" )° \ 

{Oiog^+ 0/0 hra-y{r^+ 05 - 01 ) J 

naturalities 


(5+0!„-)o 

'^^U+^A+^B-,B+^A-^l^- ® 71- 0 S, ,^-)o(si,B+^^- 0 l™')o(0,,„+ ^ 0/0 hm-)) 

°(ro+ 0 5 -), 


whose Tr part is 

® ® )o(/0 0 hm-)°(s^„.,+ ^^+^^_ 0 1)^ 

= naturality 

A+(^B-®1-^* ,B+®A-®l-^~ ® 7l 0 -5;^ )°(/ 0 Oim+^1 ® ) ^ 

= superposing 

/ 0 ~^^^rn+ im,- 1,°1™+, 1 ® ^m“)^ °'®I"*”*" ,A+(S)i?“ 

= generalized yanking 

f ® hm-°0lm+ l°Sim+ — f ® Olm.+ im-°S^jn+ 

We conclude: e(B+,B-)°f = (5+0!o-)°(/ 0 0^^+^^,„-)°(r„+ 0 B~) = /, by Axiom 9’. □ 

Recall that the duality ( )■*■ of Int(C) is a contravariant endofunctor such that 
(A+,A-)-L := (A-,A+) and := SB+,A-°f°SB-,A+ for / : (A+,A-) —^ (5+,5-). This 
duality ( )■'■ acts on Intp(C) to yield the following dual category IntAr(C). 

Definition 4.11 (Negative category IntAr(C)) The negative category IntAr(C) consists of 
the following data: 

• objects: those of Intp(C). 
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morphisms: those of Intp(C) but the last condition on / is replaced by: 


Aj- -fA+,A— . 

A+ -^^ A 


Diagrammatically a morphism (/, /+, /_) of lnt 7 v(C) is described as follows: 


B+ - A 



Note that the 0 morphism occurring in the bottom level is antidiagonal to that of the 0 
morphism of Intp(C). 

Hence the positive and the negative categories are contravariantly equivalent. The functor 
f: Int(C) —Intp(C) is dehned by de Morgan duality ) := (| ( 

Thus we obtain a compact polarized category fPehnition I4.4p . in the style of Remark 14.31 
Theorem 4.12 (A compact polarized category) 

((Intp(C), IntAr(C)), Int(C)) is a polarized category such that (resp. is right (resp. left) 
adjoint to the forgetful functor \ |. The polarized category is compact so that (lntp(C))°^ = 
lnt 7 v(C). In diagrammatic form: 


Int(C) 



5 A polarized Int construction using Rel with multipoints 

In this section we show how to build a concrete instance of the previous polarized Int- 
construction using Rel with multipoints to construct weak pullbacks compatible with these 
multipoints. Thus we obtain a concrete compact polarized model of MLLP. 

Let us make the following observations. First, this section is a relational instance of the 
previous Section 0] and the reader can read it independently of that. Second, in Sections [2] 
and [3] of this paper, we often use the matrix formalism of Haghverdi’s UDC’s (see Appendix 
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I7.2p . This agrees with the usual matrix calculus in linear algebra. In what follows, we adopt 
instead the matrix notation of Joyal-Street-Verity [29] for Int(Rel), since these authors do 
similar calculations to those below. We introduce the following standard notions. 

Notation 5.1 

• For a relation R : A ^ B, and subsets X O A and Y C B, 


[Y]R := {x\3be Y(x, h) e R} R[X] := {y \ 3a e X{a, y) e R} 

• A morphism R : {B^,B~) of Int(Rel) is represented by the following 

matrix (where the border objects represent appropriate domains and codomains of the 
entries, as shown below:) 

A+ B- 

f Ri2 R 22 \ 

A~ \Rn R 21 ) 

The entries are relations i?ii : A+ R 12 : A+ —)■ R 21 : B~ —)■ A~, R 22 '■ 

B- ^ B+. 

E.g., Id(A+,A-) is represented by f J j 


• The dual morphism R^ : [B , 5’*') —)■ {A , A+) in Int(Rel) is represented by 


R^ := 


0 1 
1 0 


R 


0 1 
1 0 


/ R 21 Rii\ 

yi?22 Ri2 J 


Fact 5.2 (composition in Int(Rel)) Given morphisms R : (A+,A ) {B~^,B ) and S : 

A+ B- B+ C- 

C^fSi 2 S22 

•'ll JX21 j ^ \ '^21 

the composition S°R, in Int(Rel) is given by the following relation .■ 


(5+, B-) (C+, C-) of Int(Rel) represented by 

A \ tin R 


and 


A+ C- 

C'+ / 0 ^22 

A- [ Rn 0 


U 


A+ C- 

G~^ ( Si2{R22Rll)*R i2 Si2R22{SiiR22)*S 2 I 

A~ I i?21*S'll(i?225'ii)*i?i2 l?2l(*S'lli?22)*5'21 


which we can write as: 


A 

Hu 

A 


+ 


Hi 2 


B+ 


S 12 


R21 


jSll 

B- 


S 21 


-C'+ 

S 22 

C- 


In general in Rel+, a multipoint I'" —> A is an m-indexed family of subsets of A. In what 
follows, we denote a multipoint of a set A by mp(A) and think of it as a subset mp(A) C A. 

write relational composition from right to left and omit the ° symbol. 
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Definition 5.3 (Positive category Pos) 

• Objects are (^mp(A+)’^mp(A-)) where {A^,A~) is an object of Int(Rel) and mp(74’'') C 
A'^ and mp(y4“) C A~ are mnltipoints respectively of A'^ and A~. 

• Arrows (also called positive maps) are morphisms R : {A'^,A~) —>■ {B^, B~) in Int(Rel) 
satisfying the following three conditions: 

1) [mp(S+)]i?i 2 = mp(A+) 

2) i? 2 i[mp(S-)] = mp(A-) 

3) [mp(i?+)]i ?22 = 0 = /222[mp(5“)] 

The above three conditions are instances of the three conditions on morphisms of Definition 
14.71 The following fignre explains how the conditions 1) and 2) correspond to the left and 
right WPB’s, respectively and that the condition 3) corresponds to the 0 morphism. 



mp(i?+) 


mp(A+) 


mp{B~ 


Proposition 5.4 Pos forms a category. 

Proof. Id’s are Pos maps since Id on {A'^,A~) is given by the matrix s.t. Idi 2 = IdA+, 
id 2 i = Id^- and Idn = Id 22 = 0- We check that the composition of Int(Rel) preserves Pos 
maps. The compntation below is essentially a concrete instance of Fignre 5. 

Given two morphisms R : (A+,A“) —)■ {B~^,B~) and S : {B~^,B~) —)■ (C'+,C'“) of 

Int(Rel). 


1) [mp{C+)]{SR),2 


2) (^/?)2i[mp(G-)] 


3) [mpiC+)]{SR)22 


(F/?)22[mp(C'-)] 


[mpiC+)]{Su{R22Sn)*Ri2) 

[mp{B+)]{{R22Sn)*Ri2) 

[mp(5+)]i?i2 U [mp{B+)]{{R22Sn){R22Sn)*Ri2) 
mp(A+) U 0 

(i?2i(5'iii?22)**52i)[rnp(C' )] 

(/?2l(5lli?22)*)[mp(S-)] 

i? 2 i[mp(B-)] U {R 2 i{SnR 22 )*Sn){R 22 [MB-)]) 
mp(A“) U 0 

[mp(C'+)]F22 U [mp{C+)]{SuR22{SnR22)*S2l) 

0 G [inp(S+)](i?22(5'll7?22)**52l) 

0U0 

iS'22[mp(C' )] U (5'i27?22(‘5iii?22)*5'2i)[mp(G )] 

0 U (S'i2i722(‘S'ii-R22)*)[rnp(-B )] 

0 U (S'i2i722)[lTip(i?“)] U (*S'i27?22(*5ll-R22)*5'll-R22)[lTip(i?“)] 
0U0U0 


□ 
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Proposition 5.5 The category Pos is monoidal with respect to the tensor product o/lnt(Rel). 
Proof. Given Pos maps i? : {B+p(B+y Kpis-)) and 5 : (C'+p(c+), C'"p(c-)) ^ 

(-^mp(D+)>^mp(D-))> the tensor product R®S : ((^+ + G+)mp(A+)+mp(C+), (^" + C'")mp(A-)+mp(C-)) ^ 
{{B+ + D+) mp(B+)+mp(D+) ) (-^ “1“ D )mp{S“)+mp{D~ )) IS giveU by. 




C+ 

B- 

D- 

D+ 

/ 0 

S12 

0 

S22 ^ 

B+ 

Ri 2 

0 

R22 

0 

c- 

0 

^11 

0 

*521 

A+ 

V -^11 

0 

R21 

0 ) 


It is straightforward that ® preserves positivity. □ 

Dually in Int(Rel), negative maps are dehned so that they form a monoidal category Neg. 

Definition 5.6 (Negative category Neg ) The objects of Neg are the same as those of 
Pos and the morphisms {negative maps) are dual; that is, they satisfy the following three 
conditions: 


1) i?i2[mp(v4+)] 

2) [mp(A-)]i?2i 

3) [mp(A-)]i?ii 


= mp(i?+) 

= mp(S-) 

= 0= i?ii[mp(A+)] 


Proposition 5.7 (negative category) 




B- 


WPB 


mp(i?+) mp(y4 

mp(A+) 

Neg forms a monoidal category. 


WPB 


mp(i?' 


Remark 5.8 (positive ^ negative) Pos maps and Neg maps are different, so the cate¬ 
gories are different and the model is in this sense non-degenerate. 

The following functor j, is a special instance of the previously-dehned functor in Dehnition 
14.91 and dually for f. 

Definition 5.9 (functors f and t) Functors j,: Int(Rel) — y Pos , t- Int(Rel) —;■ Neg 

are defined as follows: 

• On objects: f (A+, A~) :=t (A+, A~) := ((A+ l)i, {A~ + l)i) 

• On morphisms: For R : (A^, A~) —)■ {B~^, B~), f R and f R are dehned by 

1 A+ B- 1 

(*,*) 0 0 0 \ 

0 i?i2 R 22 0 

0 i?ii i?2l 0 

0 0 0 (★,^) / 

Note that the functors f and j, are not full since Pos ^ Neg. 


IR :=fR ■= 


B+ 

A- 
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Proposition 5.10 (adjunctions) 

I (resp. "\) is right (resp. left) adjoint to the forgetful functor 


Int(Rel) 



Proof. We show the following: 

lnt(Rel)((hl+, A-), {B\ B')) - {{B+ + l)i, (5“ + l)i)) 

= Neg(((A+ + l)i, {A~ + l)i), (5mp(B+), 5 “p(b-))) 

where ((S++ l)i, (5” + l)i) =1{B+,B-) and ((A++ l)i, (A" + 1)0 =t(A+,A-). 

Every positive map R' from the R.H.S is of the form 

A+ B- 1 

1 / mp(^+) X 1 0 0 \ 

B+ Ri 2 R 22 0 

A~ \ Rn R 21 1 X mp(A") / 

so that R' = RU mp(v4+) x 1 U 1 x mp(y4“) with R from the L.H.S. This gives a nat¬ 
ural bijective correspondence. □ 

6 Conclusion and Future Work 

In this paper we presented two independent studies of Gol for multiplicative polarized linear 
logic (MLLP): one based on the notion of Gol situations pQ and the other based on a direct 
application of Joyal-Street-Verity’s Int construction [22]. Both modellings use the idea of 
adjoining multipoints to account for polarities, hence focusing. In polarized Gol situations, 
preservation of multipoints via the execution formula allows us to characterize focusing 
semantically. In the case of the Int construction, the goal was instead to construct compact 
polarized denotational models. This involved adding multipoints to the Int construction so 
as to be compatible with weak pullbacks. 

Finally, in the last section, we construct a concrete example of such a polarized category, 
based on the Int construction applied to the category of multipointed relations. For future 
studies, we leave open the following questions. 

(1) What is the logical status of multipoints? For example, multipoints have no coun¬ 
terpart in the syntax: they are an additional structure added to a nonpolarized (although 
somewhat “degenerate”) compact closed model. Yet multipoints allow us to characterize 
syntactic questions of polarized logic, for example, characterizing focusing. 

(2) This paper is restricted to the multiplicative fragment. It would be interesting to 
extend this to the full MALLP level, which is the language of Girard’s Ludics, as studied 
in our paper [23]. This seems more promising compared to nonpolarized additive models 
because the additive connectives are less complicated in the polarized setting, as mentioned 
in the work of O. Laurent (for example, [H]). This future work may relate our work to 
Laurent’s Gol model for additives [33] . 
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7 Appendices 

7.1 Appendix 1: Gol situations and Execution formulas for MELL 

In [1] the authors introduced a general algebraic framework for studying Girard’s Geometry of 
Interaction (Gol) ([l3l[Tl]) for multiplicative-exponential linear logic, MELL. This framework, 
called a Col Situation, contains an underlying traced monoidal category C, along with a 
reflexive object U and an endofunctor T used to represent the exponentials of linear logic. 
It is shown in that paper how to interpret Gol as yielding linear combinatory algebras on 
the endomorphism monoids Endc{U). 
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In later work ([201 12]) the underlying traced category C of a Gol situation was special¬ 
ized to a traced Unique Decomposition Category (e.g. Rel, Pfn , PInj ) (see Appendix 17.21 
below) which is equipped with a standard particle-style trace, as developed in Haghverdi’s 
thesis [19], together with an abstract categorical execution formula given in terms of that 
trace (see below). The categorical Gol interpretation of Haghverdi-Scott (which captures 
Girard’s Gol 1 m) contains three components: (i) an interpretation of proofs in Endc{U), 
(ii) an interpretation of formulas as types (= bi-orthogonally closed subsets of Endc{U), 
with respect to an appropriate Girard-Hyland-Schalk orthogonality), and (iii) an analysis of 
the dynamics of cut-elimination via the execution formula. For the polarized system MLLP 
studied in this paper, we only discuss (i) and (iii). 

Definition 7.1 A Gol Situation is a triple (C,T, U) where: 

1. C is a traced symmetric monoidal category and T : C — > C is a traced symmetric 
monoidal functor with the following monoidal retractions (i.e. the retraction pairs are 
monoidal natural transformations): 

(a) e' \T \> TT : e (Gomultiplication) 

(b) d' : T > Id : d (Dereliction) 

(c) d T t> T c (Gontraction) 

(d) w' : T \> Kj : w (Weakening). Here /C/ is the constant / functor. 

2. U is an object of C, called a reflexive object, with retractions: 

(a) k:U>U®U : 3 (h) U > I , and (c) v: U > TU : u 

Here d : T \> TT : e means that there are monoidal natural transformations ex '■ 
TTX —>■ TX and e'x '■ TX —y TTX such that e'e = Htt- We say that TT is a 
(monoidal) retract ofT. Similarly for the other items. 


- ► 

F 

iTTl 

-►- 

F 



A 

-► 

’ A 

-►- 




a 

A : 

: A 


(l7rl,cT) 


r 

A 



iTTl 





t cr 







r 

A 


Ex{ln},a) = Tr|^_^r((l®rGf^)l7rl) 


Figure 6: Proofs of h [A],F as I/O Boxes and the Execution Formula 

Following the presentation in [20l[2T], given a Gol situation (C, T, U), the Gol interpreta¬ 
tion of a proof TT of an MELL sequent (with explicit cuts) h [A],F (where A denotes the set 
of all pairs of cut formulas A,A-^ used in tt) is determined by a pair of morphisms (|[7rl,cr) 
as in Figure ini where a represents the cuts A. If |A| = 2m and |F| = n, these data are given 
by C-arrows, a : —)■ [tt]] : Finally, Girard’s Execution Formula 
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determines an arrow Ex(|7r]],(T) : —)■ t/", where = U ® ■ ■■ ®U {k times). If C is a 

Haghverdi traced Unique Decomposition Category (UDC) with a standard (particle-style) 
trace (as in the Rel-based models in this paper: see Appendix 17.21 below) we can write the 
Execution Formula in the more familiar form 

Ex(I TTIjC’’) — TTii 7ri2((T7r22)’^(c’‘7r2l) (18) 

n>0 

where [nij] is the matrix representation of [tt]]; this was shown in [20] to agree with Girard’s 
original execution formula [13] in his model Hilb 2 (= £ 2 [Plrij]). Such UDC models also sup¬ 
port a robust matrix calculus to represent morphisms, which agrees with the usual matrix 
representation of relations used in this paper (see Proposition 17.21 below!. 

7.2 Appendix 2: Unique Decomposition Categories (UDCs) 

E. Haghverdi, in his thesis [19], introduced Unique Decomposition Categories (UDCs). These 
were specihcally developed for modelling “particle-style” Gol as in Gol 1 [TS] |20] . 

Briefly, UDCs are symmetric monoidal categories with the following additional structure: 

• The homsets are enriched with a E-monoid additive structure, such that composition 
distributes over addition, both from the left and the right. For the precise S-monoid 
axioms, we refer to Haghverdi’s thesis. Chapter 4. In particular, there are zero mor¬ 
phisms OxY : A —)■ F between any two objects X, Y. 

• For a hnite set I and for each j G /, there are quasi injections Lj : Xj —)■ Ci/Aj , and 
quasi projections pj : ®iXi —)■ Xj such that: 

1. pkij = Idxj li j = k and Ox^x^ otherwise. 

2- Xlie/PA ~ 

Examples of UDC’s (for Geometry of Interaction) include variations of Rel+, for example: 
the categories Pfn and PInJ of partial functions (resp. partial injective functions). 

The main theorem on UDC’s, which is used in various places in this paper, is the repre¬ 
sentation of morphisms as matrices, with an associated full matrix calculus for computations. 
This can be summarized as follows (see Haghverdi [19], Prop. 4.0.6): 

Proposition 7.2 (Matricial Representation) Given a morphism f : ®jXj —)■ ®iYi in 
a UDC, with |J| = m, |J| = n, there exists a unique family : Xj —)■ U with 

f = Yhi&i j&j ''ifijPj! where fij = Pifij. Moreover, composition of morphisms in a UDC 
corresponds to matrix multiplication of their associated matrices. 

7.3 Appendix 3: Generalized Yanking for a traced monoidal category 

The following identity is frequently used in calculating traces (see Proposition 2.4, in m), 

Trx,v(s°(/®^)) = g°f 

Pictorially, this says: 
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7.4 Appendix 4: Omitted Proofs 
Proof of Proposition 13.71 

By induction on the construction of a multipoint p. 

(Base Case): This is when p is the distinguished point a, hence the property is the original 
lifting property 6 '. 

(Induction Case): p is constructed either by 2 or 3 of Dehnition 13.51 (Note in 2, the p is a 
point.): We dehne 


p constructed by 3 

p constructed by 2 

Tp := {j (g) 0 

Tp := {j 0 1) 0 (f/ 0 Tp/) 0 k 
!p := j°([/0!p/)°(/c0 1) 


Then the commutativity property follows from I.H.’s (the lower square of the following 
diagram) and the retractions U \> U‘^ and ® ® with k either mi + m 2 or 1 by 

Axiom 2 (the upper right and left vertical arrows, respectively): 


p constructed by 3 

p constructed by 2 

■P 

u 0 . u 

■P 

[/ 01:. "u 


rp 



Tp 




j 

j®i 


j 


!pi ®!p2 





C 0 C 0 ' U ®U 

1/0(701. (70(7 


' rpi ®'rp2 



■ U ®rp/ 


pi®P2l8)l™'l+"*2 


Pl®P 2 

0(8ip'®l 


0(g)p' 





/®! 


2mi+'M/.2 0 Y’ni+Vi2 

I 0 

L 0 i . 7 0 1 


(g)7’^2 



I®r 



We check one commutativity for each of the constructions 2 and 3 of p. 


p constructed by 3 

p constructed by 2 


rp°j°{pi 

rp°7°(0 0 p')°(-^0!) 


= (7 0 0 (g) rp2)°koj 

= (7 0 1 ) 0 ([/ 0 Pp') 0 /c oj 


° {Pi 0 P 2 ) ° 

° (0 0 p') 0 (70!) 


= (7 0 0 (rp^ 0 PpJ 

= (7 0 l)°(tt 0 rp/) 

the retraction U l> 

0 (pi 0 P 2 ) ° 

° (0 0p') ° (70!) 


= (7 0 0 P2 0 

= (7 0 1) ° (0 0p' 0 1) 

the lower square 

= ^ 01 ™!+"* = 

= p 0 1 

the definition of p 


Proof of Lemma 13.91 

These retractions are compatible with traced monoidal categories [1] by virtue of dinaturality 
and the directions of the retractions {km,jm) and (!p,rp), respectively, as follows: 
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For (HD; Tr^,y((j<8)y)o/o(A:0X)) 
= dinaturality 

TrJ"(/.(4 0X)Hi0X)) 

Try;(/.(A^.i 0 X)) 

= k°j = Idf/m 

Tr^xxif) 


For dSD; Tr^xTii^p ® Y>9 <'-p ® ^)) 
= dinaturality 

Trx,y(H!p°^P®^)) 

= IpoPp = Idc/ 

Tr^,y(l7) 


See the following pictures in Figure [TJ in which Tr^ is described via vanishing II. 



U 


jj 

X 


f 


u 


-^U 


u 

Y 




Invariance w.r.t U >{km,jm) 


Invariance w.r.t. U U 


Figure 7: Invariance of traces under conjugate actions 
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7.5 Appendix 5: Remarks on Retractions U U ®U and U >(!^,rQ) U 
The reader may wonder about the opposite directions of the retractions U U ®U and 
U ®1 >(!„,rc) U in the two-layered Gol interpretation [vr]] and /^. 

(i) (On the retraction U U ®U ) 

The retract U ® U (of U) follows the form of the logical constructions. In (untyped) Gol, 
where there is a reflexive object U, the interpretations of G) and ^ are indistinguishable. 
In general, for any formula A, Ua is identified with U. So to make sense of the logical 
connectives, via reflexivity of [/, we use the retraction. Thus Ua ® Ub, which is U ® U 
is faithfully projected to U which is defined to be both Uais,b as well as Similarly, 

letting Ui = = U, we have ® Ua (resp. Ua® U^ ) is faithfully projected to U, which 

itself is dehned to be Upi (resp. U^a)- The faithfulness is guaranteed by k°j = lduis>u- Note 
that at the level of the f/’s, the dual logical connectives j, and t are not distinguishable, just 
as ® and ^ are not distinguishable. However to account for the asymmetry in logical rules 
for the polarities, we will need to employ a new ingredient, the object 1. 

(ii) On the retraction U ®1 >(!„,rc) U 

The retract 1 (of 1<8)1) is for the sake of realizing the retract U (of [/(8)1) of the lifting property 
(along a) of Definition 13.11 Then what is the meaning of the retraction U ® 1 >(!„,r„) U ? 
Tensoring 1 with U in the construction of : G — > U ®1 corresponds to making the point 
a : 1 — > U explicitly appear. Gonversely !„ : G 0 1 —> U hides the point a (i.e. makes it 
implicit). The faithfulness of making the point a explicit is guaranteed by la°'r'a = Id^/, i.e. 
intuitively, making a explicit, then hiding it gives the identity. 

For a multipoint inp(A) : 1™ U for any given polarized formula A so that — I*", the 
retraction 1 0 1 >(!,r) 1 and its lifting U®1 >(!^,rc) U are correspondingly generalized into the 
retraction 0 >( jm Y.m'j 1 and the lifting f/ 0 1™ l>(!p,rp) U of Axiom 6’ of Proposition 
13.71 These retractions are in order to accommodate polarities in U and in I'”. 

(iii) Note also the opposite directions of retractions between (i) and (ii) above are compatible 
with the conjugate actions of Lemma [3.91 
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7.6 Appendix 6: Pictorial Proof for Prop 13.211 (Ex is an Invariant ) 


L.H.S. of dH) 


naturality 




superposing 



* is L.H.S of Fig for (HO]) 
when f = b,g = c and 
h = a. 


(fT0)l and c = 0 


Up_L - Upj_ Upj_ 



Ax 9’ 

Up_L - Upj_ Upj_ 



R.H.S. of (0 
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